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KJIACCUMYECKAS{ MEXAHHKA e Jlekuus 13

I'apmonnueckue kKojebanus. Kosebanns mareMaTuuecKoOro
MasaTHuKa. Konebanus ¢pusnueckoro masTHuKa. Pa3oBbiil OPTPET
MasgTHUKA. AquabaTnyecKue MHBApPUAHTDI

JloBO/IbHO pacrpoCcTpaHeHHbIH THIT JBUKEHHS] MEXaHHYECKUX CUCTEM MPEeACTaBJSIOT co60l TaK Ha3blBaeMble
MaJjible KojleGaHUs, KOTOPble CHCTEMA COBepILaeT BOJM3U CBOETO MOJ0KEHHS YCTOHUHUBOro paBHOBecHs. Mul
pPaccMOTPUM 3TH ABHKEHHs B HauboJsiee MPOCTOM CJaydyae, KOraa CHCTEMa MMeeT BCEro JIHIIb OAHY CTeNeHb
CBOOOIBI. DTO 3HAYUT, UTO IJIs1 OAHO3HAUHOTO ONpeeseHUs MOJ0XKEHUS] CUCTEMBI B IPOCTPAHCTBE A0CTATOU-
HO 3a/laTh BCETO OJHO YHUCJO0. DTO He 0653aTesNbHO NOJKHA ObITh A€KAPTOBA KOOPAMHATA, a B 3aBUCHUMOCTH
OT yCJIOBUH 3a/1aun MOXKeT OKasaTbest 6oJsiee yIOOHBIM BEIOOP KAKOH-TO APYToi BelWYMHBL. Takas BeJU4YHHA,
OZIHO3HAYHO XapaKTepH3YIollas M0JI0XKEeHNe CUCTEMBI, Ha3bIBAETCSl ee 000OIMEHHON KOOPAUHATOM.

YcToHUMBOMY PaBHOBECHIO COOTBETCTBYET TaKOe€ MOJIOKEHHE CHCTEMbl, B KOTOPOM ee INOTeHLHasbHast
sueprusi U(q) Kak (QyHKUHST HEKOTOPOH 0OOOLIEHHOH KOOPAHHATHI g UMeeT MHHUMyM. OTKJIOHEHHsS OT
3TOr0 MHHHMYyMa MPUBOAST K BO3HUKHOBeHHIO cUibl —dU/dg, cTpeMsilieiicsi BepHYTb CUCTEMY OOGpPAaTHO.
O603Ha4UM COOTBETCTBYIOILIEE MUHUMYMY 3HaueHHe KOOPAMHATHl ¢ uepe3 go. [TocKonbKy nmpH MaljblxX KoJe-
6aHMAX Pa3HOCTb ¢ — o MPEAIOIATaeTCsl MajloH, TO MOTEHIIUANbHYI0 SHEPTHI0O MOXKHO PA3JOXKUTh B AL 110
CTeNeHsIM g — ¢op, OCTaBUB B Hell TOJNBKO MEePBbIH HEHCUe3aLIUH YJIeH.

B o61i1em cayuae crnipaBe/iuBo ciefyoliee pasioxenue pyHkuuu U(q) B Tak HasbiBaeMbiit pan Teinopa
BOJIM3W 3HAUEHHUS q = qq:

U(q) = Ulqo) + %U'(qo)(q —qo) + %U”(QO)(CJ —q)* +

1
+ ...+EU["](qo)(q—qo)”+... (13.1)

B maremaTuKe [0Ka3blBaeTcsl TeOopeMa, COMJIAaCHO KOTOPOH, ec/d TOuKa go He SIBJsieTCs 0COO0H TOUKOH
¢oyskuun U(g) 1 dyHKUMsS OGeCKOHEYHO KpaTHO I QepeHLHpyeMa B 3TOH TOUKe, TaK YTO HM OfHA M3
TIPOM3BONHBIX He oGpamaercs B Geckoneunocts (U*)(gg) # 00), To dopmyna, sanucanHas Bhille, ABASETCS
TO4YHOH. B 3T0 HeTpyAHO NMOBePHUTh, MOTOMY UTO (PAaKTHYeCKH CIIPaBa 3alucaHa (pyHKIHUs, KOTopas IIpH ¢ = o
NPUHUMaeT TO XKe 3HaueHHe, 4To M QyHKuUs U(g), 1 BCe NMPOH3BOAHbIE OT 3TOH (YHKLMH COBNAalOT C
COOTBETCTBYIOLIUMH NpOU3BoAHBIMU OT U(q) mpH g = qo.

B Hawem ciyuae nepBoe cjaraeMoe ecTb mpocTo KoHcTaHta U(gp), KOTOPYIO MOXHO 6e3 orpaHuueHHs
OOLIHOCTH CYUTATh PaBHOH HY/IIO (3TO ecTh Haualo OTCUeTa MOTeHLMaJbHOH SHepruu). Bropoe caaraemoe
PaBHO HYJIIO B CHJIy TOTO, UTO B [OJIO)KEHHMH MHHMMYyMa paBHa HYJIO IPOU3BOAHAS, ONpelensiolas CHIY,

d
Ui = Y1 2o (13.2)
dq q9=qo0

IloaToMy nepBHIl HeHcUe3aOLUIMH YJeH B Pa3J/oKeHHH — 3TO KBaApaTHUHBIH:

Ulg) —Ulqo) = g(q —q0)?, (13.3)
rae
k=U"(g0) >0 (13.4)
noJI0KUTeNbHAs Besnunna. Cuntas, 4to U(qo) = 0, ¥ BBOoAS 0603HaYeHHe
T =q — qo, (13.5)
NOJy4UM
U(z) = g:cz. (13.6)

KuHeTnyeckasi sHeprusi CUCTEMBI C OJHOH CTeNeHblo CBOOOAB €CTh KBaApaTHUHAas (PyHKLHS 000OmeH-
HOM CKOPOCTH ¢ U B OOIlIEM Cjyuae UMeeT BHUJ

sa(q)q” = sal(g)a”. (13.7)



B ToMm ke mpuOJMKEHHH MaJbX KojeOGaHHH, KOTOPOe MBI HCIOJIb30BAaJH paHee, NOCTATOUHO 3aMeHHTb
(yHKIMIO a(q) Ha ee 3HaueHHe MPH ¢ = go. BBOAA A/ KpaTKOCTH 0G03HayeHHe!

a(qo) = m, (13.8)
MOJIyYMM OKOHYATEJbHO IJISl TIOJHOE SHEPrUH CUCTEMBbl BHIPAXKEHHE

2 2
Fory= Mk (13.9)
2 2
TO eCTb BbpakeHHe, (pOpMaJbHO COBMNAfallee ¢ 3Heprueidl MexaHU4YecKOH cUcTeMbl “Tpy3UK+IIpyKHHKa”,
(puc. 13.1). B mexaHuKe HOKa3biBaeTCsl T€OPEMa, YTO ECJM BbIPAXKEHHE MJI5 MOJHOH SHEPrUH IBYX CH-
CTeM KaK (DYHKIUs UX 000OIIEHHBIX KOOPJIMHATHl M CKOPOCTH COBMAJAIOT, TO COBMNAJAIOT U yPaBHEHHUS MX
JBHKEHHUSI.

Puc. 13.1. Tlpocrefimas Mozenb rapMOHHYECKOr0 OCLUMJIIATOPA — IPY3HK Ha MPYKHHKE.

YpaBHeHMe NBUXKEHHs TPY3HKa, KAK U3BECTHO, UMeeT BuA ma = F', rae Bosspawawmas cuia F = —kz,
Rl
mi+kx=0 (ma=—kx). (13.10)
Cokpalliasi Ha m, ero MOXHO MepernucaTb B BHAE
&4 w?z =0, (13.11)
rae
k
w=1/—. (13.12)
m

IlupdepenimanbHoe ypaBHeHte #+w?x = 0 sBISETCS TMHEMHBIM OJHOPOIHBIM AM(p(epeHIHaTbHBIM
ypaBHeHHeM BToporo nopsjaka. CoryacHo o6Liel Teopuu JTHHeHHbIX AU((epeHIHalbHbIX YPaBHEHUH, OHO
uMeeT JBa JIMHEHHO He3aBUCUMBIX pelleHHUs. B JaHHOM KOHKDETHOM cJlydae JIerKO MpPOBEpUTb, YTO 3TO
(DYyHKLUU

sinwt u coswt. (13.13)

O61ee peleHye TpeAcTaBaseT cOBOH JMHEHHYI0 KOMOMHALMIO 3TUX ABYX pelleHHi:?

2z = c1 coswt + co sinwt, (13.14)
TJle ¢ ¥ Co — TPOM3BOJIbHBIE MOCTOSIHHBIE. DTO BBIPaXKEHHE MOXKHO MEpPenucath B BUJIE
T = a cos (wt + ). (13.15)

[TockosbKy cos (wt + «) = coswt cos  — sinwt sin o, To, CpaBHUBasK C (13.14), nonyuaem
C2
a=/d+c3, tga=-——, (13.16)
C1
Ile ¢c1 = acosq, a co = —asina.

Takum o06pasom, BOJHU3U MOJIOKEHUST YCTOHUHBOrO PABHOBECHS] CHCTEMa COBEpIIAaeT rapMOHUYECKOE KO-
JebaresbHOe ABUKeHUE. Kodap(QUIMEHT ¢ Ha3blBaeTCs aMIUIMTYIOU KoJieOaHHi, a apryMeHT KOCHHyca —
ux ¢pa3o, o eCTh Haya/JbHOE 3HaueHHe (a3bl, 3aBHUCsIIEE, OUEBUIHO, OT BEIOOpA Hayasa OTCYEeTa BPEMEHH.
BenuunHa w Ha3biBaeTCs HUKJIMYECKOM YACTOTOM KoJsieGaHUU, UK NMPOCTO YACTOTOM.

YacToTa w siBJIsIeTCS] OCHOBHOH XapaKTepHCTHKOH KosieGaHHE, He 3aBHCsLIEH OT HauyajbHBIX YCJOBHH
IBHXKEHHs, ¥ B 4acTHOCTH oT 3Hepruu. CorsacHo dopmyse (13.12), w = /k/m, T0o ecTb OHa MOJHOCTbIO

'Besnnuuna m coBmanaer ¢ Maccoil, TOMbKO ec/ & eCTh JIeKapToBa KOOPAHHATA YaCTHIIbI!
2 JIuneiiHoe ONHOPOIHOE ypaBHeHHe 06/MafaeT TaKMM CBOHCTBOM, 4To ecaH x(t) — pemennue, To C - z(t) — Toxe pemenue. Eciu
z1(t) u xz2(t) — mBa pewenusi, To Ux cymma z1(t) + w2 (t) — Toxe perueHue.



onpejessieTcsl CBOACTBAMH MeXaHHYeCKOH CUCTeMbl KaK TakoBoH. Heo6xoiuMMoO, 0IHAKO, NOAUEPKHYTb, YTO
3TO CBOHMCTBO HAcCTOTBI CBSI3aHO C MpeArNosaraeMoil MajocTbio KojeOGaHuid. OHO HcuesaeT NpH mepexole K
6oJiee BbICOKMM NpubarKeHUsM. C MaTeMaTHueCKOH TOUYKHM 3pEeHHUs He3aBUCHUMOCTb HacCTOTBI OT 3HEPrHH
CUCTEeMbl CBfI3aHA C KBaJPaTHUHOH 3aBHCUMOCTbBIO IIOTEHLHAIbHON 9HEPruu oT KoopAauHaThl. OHO He uMeeT
MecTa, ecjd, Hanpumep, GyHkuus U(x) umeer npu ¢ = 0 MUHHMYM GoJiee Bbicokoro nopsiaka: U(z) o« 2™,
n > 2.

DHeprusi CUCTeMBl, COBepLIaollell MaJble KonebaHUs, ecTb

.2 2
mi kx m m
E=—" 42 = 2324 w%?) = —w?d (13.17)
2 2 2 ( ) 2
OHa nponopluyoHadbHa KBaApaTy aMILIUTYIbl KoJeGaHUH.
B cayuae rapmoHuuecKHx KoseGaHWH 3aBHCUMOCTb KOOPAMHATHI KOJEOJIOLIeHCsT CHCTEMBl OT BpeMeHH

HaCTO OKa3bIBaAeTCsA yILO6HbIM NpeacTaBJ/isATb B BULE Be[U,eCTBeHHOﬁ HYaCTHU KOMIIJIEKCHOI'O BbIpaKeHHs

z = Re {Aem} , (13.18)
rae A — KOMIJIEKCHAsl TIOCTOsIHHASI. 3amucas ee B BUJIE
A = ae'®, (13.19)
Mbl BEPHEMCSI K CTAPOMY BbIPaXKEHHIO
r = Reae™'™ = g cos (wt + a). (13.20)

[TocTosiHHY0 A Ha3bBAlOT KOMILUIEKCHOM aMmiauTyaou. Ee Monysb coBmanaer ¢ OOBIYHOH aMILIATYAOH, a
apryMeHT — C HauasbHOH (pa3oi KoseHaHUH.

OneprpoBaHHe ¢ SKCMIOHEHLUANbHBIMH MHOXKUTE/ISIMUA B MaTeMaTHUeCKOM OTHOLIEHHH MPOILLE, YeM C TPH-
TOHOMETPHUECKHUMH, TaK Kak JuddepeHLUpoBaHHe He U3MeHseT uX Buja. [Ipy 3ToM noka Mbl NPOU3BOAUM
JIMIIb JMHEHHbIE omnepanuu (Cl0KeHHe, YMHOXKEHHE Ha TOCTOSHHBIE MHOXHTENH, NH((pepeHInpoBaHue,
VHTErPUPOBAHHE), MOMKHO BOOOILE OMyCKAaTh 3HAK BELIECTBEHHOH YacTH, Mepexoisl K Moc/enHedl JHLIb B
OKOHYAaTeJIbHOM pe3yJsbTaTe BbIYMCJIEHHH.

Koaebanusa MmareMaTu4eCKOro MagTHHUKA

PaccmoTpuM B KadecTBe mpHMepa KoJjeOGaHHS MaTeMaTHYeCKOro MasiTHUKA — MaTepHasbHOH TOUKH HJIH
TPY3HMKa, pasMepaMH KOTOPOrO MOXKHO INpeHeOpeub M KOTOPBIH MOABELIeH Ha HEPACTSXKUMOH HEBECOMOH
HUTH. [loJjlo2KeHHe HUTH BePTHUKAJbHO BHU3 SIBJISIETCS MOJIOKEHHeM YCTOHYMBOrO paBHOBecusi. Eciu oTki0-

1
~ :h=l(1—cos¢)
Puc. 13.2. MateMaTHUYeCKHH MasiTHUK.

HUTb HallpaBJeHHe HUTH OT BEPTHKAJ/M, TO BO3HUKHET CHJIa, BO3BpAILAIOIlasl ee B NpeKHee MOJOKEHHE.
[lonpo6yem omucaTb IBHKEHHE TAKOTO MasiTHUKa MaTeMaTHUYEeCKH.

B kxayecTtBe 0000111eHHONH KOOPAHWHATHL YIOOHO BBIOpPATh YIoJl ¢ OTKJIOHEHHUS HUTH OT BepTHKaau. [lo-
TeHLHaJIbHAsl SHEPTHS TOTAA ONpelessieTcsl BblpaxKeHHeM

U = mgh = mgl(1 — cos p). (13.21)
KuneTnueckas sHeprusi pasHa
T= %va = %m(lgb)z = %ml%ﬂ. (13.22)
B pesysbraTe nosiHasi SHEPrusi paBHa
E= %ml2¢2 + mgl(1 — cos p). (13.23)



Ona ocraeTcsl NOCTOSTHHOH B NpoLiecCe IBHMKeHHs. EC/M Mbl HHTepecyeMcsl MasbiMU KoseGaHUsAMH ¢ < 1,
TO COS (¢ MOXKHO passioXKuTb B psif Tefsopa:

(,02

cosp~1— o (13.24)
Torna
I 9.9, 1 2 1 5.9 9 9
E= le $* 4 imglgo = iml (p* + 7P ). (13.25)
CpaBHnuBasi 3710 ¢ BhipaxkenueM (13.9),
.2 2
po T R M 2y (13.26)

2 2 2

Mbl NIPUXOAWM K BBIBOAY, UTO MaTeMaTHUeCKHMH MasiTHUK KoJie6GJIeTCsl ¢ 4acTOTOH

w=4/> (13.27)

XOpOLLO H3BECTHOH M3 Haya/JbHOrO Kypca (U3UKHU. YpaBHeHHe KoleOaHUH HMeeT C/eLYIOLIMN BUJ, aHAJO-
ruunbii (13.11):

¢+ wp=0. (13.28)

Ero MoxxHO MOJY4YMThb, BOCIOJb30BABIIMCh, HAalpHMep, 3aKOHOM coxpaHeHUs 3Hepruu. HuddepeHuupys
(13.25) no BpeMeHHM U MPUPaBHUBAsH TPOU3BONHYIO HYJIIO, Mbl IPUXOIUM K HYXKHOMY Pe3yJbTaTy

@_}2i~232_2~-- 2\ _
dt_2ml dt(go +l<p)—ml H(P+w ) =0. (13.29)

[TockosbKy B 001eM caydae ml2p # 0, To I0JUKHO 00pallaThCs B HyJlb BbIPa’KEHHE B KPYTJIBIX CKOOKAX.

Kosiebanusa (pu3nyecKoro MasiTHUKa

PaccMmoTpuM Teneps masibie Kose6aHusl (hpM3UUECKOrOo MasiTHUKA. Tak B 00LIeM Ccydyae Ha3blBaeTCsl TBEPLOE
TeJO ITPOU3BOJIBHOH (POPMEI, KOTOPOE MOXKET KauyaTbCs BOKPYT HEMOINBMXKHOH TOPU30HTa/NbHOH ocu C
(puc. 13.3). [MosoxkeHHe Tesla B KaXK[Iblii MOMEHT BPEMEHH XapaKTepH3yeTcsi, Kak M B Cydyae MaTeMaruue-
CKOT'0 MasiTHHMKA, eT0 yIJOM OTKJIOHEHHS U3 TOJ0KEeHHs paBHOBeCHs . KiuHeTHUecKasi sHeprys (PU3N4ecKoro
MasiTHUKa OIpeJesisieTCsl BhlpaKeHNeM

1.
T = =142, (13.30)
2
rie I — MOMEHT HWHepUMH MasiTHHKa OTHOCHTeNbHO ocd BpauleHusi C. OOG03HAUUM pacCTOsSHHE OT OCH

BpallleHUs] 10 LeHTpa MHepLUHH Tesa uepe3 a. Torna moTeHUMasbHas HEPTHsl NPU MaJgblX (¢ ONpereuTCs
BbIpaXKeHHeM:

1
U =mga(l —cosyp) = §mgag02. (13.31)

B pesysbraTe mosiHasi SHepTHsl MasiTHHKA paBHa

1 1 1

E=—19*+ —mgayp® = =T | ¢* + mga o, (13.32)
2 2 2 I

2

OCb BpalllcHUA

. “ LIEHTP UHEPLUH
¢

Puc. 13.3. ®usnueckuii MasiTHUK.

W\
|
|
|
|
|
|
|
!



a yacToTa MaJblX KoJieOaHUH

- mgai g
W=/ =T (13.33)

rae I = I/ma — npuBeneHHas MJuHA (QU3HIECKOr0 MasiTHHKA.

®a30BbIl MOPTPET MASITHUKA

BepHemcst onsATh K KoseGaHUSIM Tpy3HKa Ha npyxXuHe. Kak Mbl BUAeNH, HEPrUsl CHCTEMbl OINpelesisieTcsl
BblpakeHHeM

-2 k 2
E="0 4 5 const. (13.34)
2 2
BBenem BMecTO cKOpocTH UMMYJIbC p = ma. Torna
2 2
Pk (13.35)
2m 2

PasnesuB 3T0 paBeHCTBO Ha F/, ero MOXKHO TIepenucaTh B BHE

2 2
p 2
55+ 2Bk~ 1, (13.36)
1501051
9 2
(p> ) =1 (13.37)
omE 2E/k

B “npoctpaHcTBe” ¢ KOOPAHHATHBIMU OCSIMH T U P 9TO ypaBHeHHe 3JIHICca ¢ noayocsiMu v 2mE u /2E/k.
[IpocTpaHCTBO ¢ OCSIMH “KOOpAMHATa—HUMIYJabc” HasblBaeTcsi (pa30BbIM NMPOCTPAHCTBOM CHCTEMBI.

Ap
V2mE

»

V2E/k

Puc. 13.4. TpaekTopus rapMOHHYECKOI'0 OCLHJJIATOPA B (ha30BOM MPOCTPAHCTBeE.

Taxkum obpa3som, TpaekTopHs rapMOHHYECKOT0 OCLHUJIIATOPA B (ha3oBOM
MIPOCTPAHCTBE MPEACTaBsAeT c060# 3/1unc. [1ocKOIbKY TIONIanb /ITUIIC, 3a1aBAEMOT0 ypaBHeHueM 2 /a®+
y?/b? = 1, KaK u3BeCTHO, paBHa mab, TO B HaleM cJydae MJIoaAb o1 (pa3oBOH TPAEKTOPHEH onpeseseTcs

BbIpa>K€HHEM
§=mvamB |2 =omy |7 = on T, (13.38)
w

S_FE (13.39)

o w

HJIN

Bennuuna nsomann S, 3ak/a0ueHHOH BHYTPU (Da3oBOH TpaeKTOPHH YaCTHLbl, AeJeHHas Ha 27, UMeeT
B (pU3MKe CllellMajbHOe Ha3BaHMe aguabaTHYecKOro MHBapuaHTa. [ rapMOHUUYECKOIO OCLHMJIATOPA
anvabaTHYeCcKHUH MHBAapUAHT OINpelessieTCsl BhpakKeHHeM

I= S E. (13.40)
2 w
BOSHI/IKaeT BOHpOC, noquy BeJIMUHWHA I 6];1.)18 yllOCTOQHa TaKOIr'O Ha3BaHUA.
311er BCe OeJi0 B TOM, UTO N0 CHX IIOp Mbl pacCMaTpHBaJii NBU2>KEHHE TNPH HEU3MEHHBIX IapaMeT-
an CUCTEMBI, TO €CTh B HalleM cnyqae KOJIe6aHHI:I rpysllea Ha l'Ipy>KI/IHKe HEeH3MEeHHbIMHU napaMeTpaMH
JABUKEHUA 6I)IJII/I Macca pr3I/IKa m U ynpyraﬂ INOCTOAHHAA k‘ (a 3HAUUT U 4HaCcTOoTa w).



BooGpasum Tenepb CHTyallHio, KOTJa MapaMeTpbl CHCTeMbl MelJeHHO (Kak rosopsT, aguabaTuuecKu)
MeHsII0TCSl co BpeMeHeM. Me/leHHOCTb M3MeHEeHHs O3HayaeT, YTO 3a BPeMs, PaBHOe MepHONY ABUXKEHHS,
3TU NapaMeTphl MaJjo U3MEHSIOTCS [0 CPaBHEHMIO CO CBOeH NepBOHauya/bHOU BenuuuHOH. Hampumep, ecau
MeHsieTcst yrpyrasi nocrosinnasi k, to 3a Bpemst At = T (T — mepron IBHXKEHHsl) OHAa M3MeHsIeTCsl Ha
BEJIUUUHY

Ak = % At = kT. (13.41)

IT0 U3MeHeHHe JOJ/KHO ObITh MHOTO MeHbIle caMol BeJUYMHBI k:
KT < k. (13.42)

B stom CJlydyae OKa3blBaeTCs, 4YTO BeJIMYHHA agnabaTHYeCKOTO WHBapHaHTa I ocraetcsa B rporecce
JBH2KEHHUSA MOCTOSAHHOM. HaanMep, €CJIM MeHdeTCsd ]{), TO

FE
= ——— = const, I —= = const. (13.43)

VEk/m VE

B ToMm cayyae, Korna, HanpuMep, ynpyrasi KOHCTaHTa k MelJIeHHO YBeJHUYUBAETCSs, YBEJIUUMBAETCS U IHEPTHs
cucrembl E o vk, wian Tak Kak

E E
w

1 1
FE = imw2a2 = ikaZ, (13.44)

10 E/Vk = Vka?/2 = const. Takum 06pasoM, IpH yBeJHUeHHH k aMILIMTYa KOeGaHUil aJaeT 1o 3aKOHY

1

~ ST (13.45)

a
Mb&r He 6yzneM 10KasbiBaTh B 00I1eM BUJIE YTBEPKIEHHE O COXPAHEHUHU ainabaTHYeCKOro HHBapUAHTA TPU
MeJIeHHOM MU3MeHeHHH NapaMeTpoB cucTeMbl. OIHAKO AJISl YACTHOTO CJyyasi FapMOHHUECKOTO OCLMJLISATOPA
(rpysuika Ha mpy>KKMHE) Takoe 10KasaTeJbCTBO OyaeT npeactaBaeHo. OHO MOKa3bBaeT Cnocos, KOTOPBIM 3TO
YTBEpPKAeHHe MOXKeT ObITb JOKa3aHO B APYTHUX CHUTYyalHsX.
3anuieM BblpakeHHe MJis1 MOJHOH SHEPTHH CHCTEMBI

2
E= %552 + % (13.46)

[Iycte k mensiercst mensieHHo. [IponuddepeHuupyeM 3To paBeHCTBO 110 BpPeMeHHU:

dE
dt

1.
mxx + kxx + 5/{:102 =

1.
&(mi + kx) + §kx2. (13.47)

BenuuuHa, crosias B KpyribX CKoOKax, B CHJy BTOPOro 3akoHa HbioToHa, paBHa HYJIO, TaK 4TO

% = %k:ﬁ, (13.48)

TO €CTb CKOPOCTb M3MeHEHHs] SHEPTHH CHUCTEMBI OKa3bIBAeTCsl MPOMOPLHOHAIBHON MajoMy mapamerpy k.
B nepBom npub/anKeHHH 10 k CIOfa BMECTO = MOXXHO MOJCTaBUTb pelleHHe ypaBHEHHS

mé + kx = 0, (13.49)

rie k cuurtaeTcsi MOCTOSHHOM, TO eCThb = = a cos (wt + «). B pesysbrare

dE-_1; 5 o
= = Qka cos® (wt + a). (13.50)

YepelHHM Temepb 3TO PaBEHCTBO MO OBICTPHIM KOJMeGaHHSAM TIPysHKa®. YuWThiBasi, uTo k — MejJeHHas
(YHKLHsI BpEMEHH, U CUHTasl ee KOHCTAHTOH, a cpefHee 3HaueHHe cos?(wt + «) = 1/2, monyunm

dE 1. ,1
%t = Jha*s. (13.51)

3“BricTphiM” B TOM CMBIC/Ie, UTO 33 MEPUON KoJMeGaHuil BeJIMunHa k MPAKTUUECKH He M3MeHseTcs.



B caiyuae rapmonndeckux Konebanuii £ = mw?a?/2. Beipaxas orciona a’ u NoacTaBJsist B BbIpaXKeHHe
(13.51), noayuum

dE_1; B 1 kE

Ly e

My

(13.52)

3nech B TOM »Ke NPUOMHKEHHH MoA F HyXKHO NMOHUMaTb CpellHee IO NEpPHUOAY 3HayeHHe 3Hepruu F. B
peayJbTare

d 1dk E
Cokpaias Ha dt, Mbl IPUXOAMM K NU(D(epeHIHaIbHOMY YPaBHEHHIO
dE  1dk
_— = T . 1 . 4
E 2k (13.54)
WHTerpupys 3To ypaBHeHHe, MOJyYHM
InFE = %ln k + const, (13.55)
WA
mE —Invk=const, = In (F/ \/%> = const, (13.56)
WK o
£ const. (13.57)

Vk

Tak kKak w = 1/ k/m, a m — KOHCTaHTa, TO Mbl U NIPUXOAUM K YTBEP2KAEHHIO, UTO B IMpoLeCCe ABHUKEHHS

I == = const, (13.58)

€ =

TO eCTh IIPU MeLJIEHHOM M3MeHEeHHH NapaMeTpoB OCLUJIATOPA ero SHEPrUst U3MeHseTCsl MPOMOPLHUOHANBHO
yacroTe. DTO YTBEPXKAEHHE OCTAeTCs B CHUJE, €C/IM BMeCTO k MeLJIEeHHO MEeHsleTCsl Macca OCLHUJIATOpa m.

3ameyaTesbHO TO, YTO 3TO PABEHCTBO CIPaBelJ/MBO He TONBKO MJs KoJeOaHHH Ipy3HKa Ha NpyKHHe,
HO U AJg JIoO0H APYrod CHUCTEMEBI, COBeplIalollell rapMOHHYecKHe KoJieOaHMs, MapaMeTpbl KOTOPOH HC-
MBITHIBAIOT MeJJIEHHble BapHalHH co BpeMeHeM. Hampumep, 3To MOXKeT OBITb MaTeMaTHYeCKHH MasiTHHK,
U300paXkeHHbIH Ha puc. 13.2, nauHa Kotoporo [ MenjieHHO MeHsieTcsl co BpeMeHeM. BoJiee Toro, coxpaHeHue
afgrabaTUyecKoro WHBapHaHTa MMeeT MEeCTO MAJs JIOOOHM CHCTEMbl, COBeplualolled (PUHHTHOE IBHXKEHHE,
IpY MelJIeHHOM H3MeHEeHHH NapaMeTpoB nocsenHell. KoHkpeTHass ero ¢opma, OfLHAKO, 3aBUCHUT OT THIA
neuxenus. [lo onpenenenuio, agrabaTriyeckUil HHBAPUAHT OMNpEEJseTCsl BblpaXKeHHeM

1
I = — pdq, (1359)
2w

rae p — 0600LIeHHBIH UMITY/bC, a ¢ — 000011eHHasi KOOpAUHATA U UHTerpaJs 6epeTcs Mo 06JacTH U3MeHeHUs
3TOH KOOpAMHATHI TyAa M 06paTHO (Ha Y4TO yKasbiBaeT KPY»KOK o Ha 3HAuYKe MHTerpaJa).

s mprMepa paccMOTPUM CHCTEMY, NPeAcTaBJIsIoOLyl0 COO0H LIapHK, KOTOPBIH MOMeEIeH B KOPOOKY,
Tle OH JIBHXETCS OT CTeHKH K CTeHKe, YIIPYyro OTPaxasicb OT HUX, COBepIllasi TEM CaMbIM KoJieGaTesbHOe
neuxkenre (Ho KosmeGaHus 3TH He rapmonuyeckue) (puc. 13.5). TpaekTopHsi 3TOH cHCTeMbl B (pa30BOM

m v
—_— . — — — — — — — —

Puc. 13.5. Yactiua gBUKYLIAsICS MEXIY ABYMsI CTEHKAMH.

NPOCTPaHCTBE MMeeT BUI MPSIMOYTOJbHUKA, U306paxkeHHoro Ha puc. 13.6. Ilnowmans non Heil paBHa 2pL,
roe p = muv — UMIyJbC. B uTore annabaTuyecKuil NHBAPHAHT UMeeT CJENYIOLIHH BUI:

1 1
I=—-2pL==pL (13.60)

2 T
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-

P

Puc. 13.6. TpaexkTopus B (pa3oBOM NPOCTPAHCTBE AJIS YACTHLBI, ABHXKYLIEHCH MeXIy ABYMS CTEHKAMH.

¥ €ro COXpaHeHHe 03HauyaeT, uTo
pL = const. (13.61)

B NaHHOM CJy4dae €IWHCTBEHHBIM IapaMeTpom Kosie0aTeJbHOH CHCTEMBl SIBJSIETCS JJINHa KOpO6KI/I L.
310 3HAQ4YUT, YTO €CJIH L MEJIECHHO MEHAETCdA CO BpeMeHeM, TO UMITYJAbC YAaCTUIIBI U3MEHSETCH [0 3aKOHY

1
~—. (13.62)
L
Jpyroe noKa3aTesJbCTBO 3TOro (DakTa, UCXONs M3 HM3BECTHBIX 3aKOHOB YIPYTOro OTPaKEHHs MIapuKa OT

Me[JIEHHO ABHXKYVIIeHcs: CTeHKH, MPeNOCTaBASeTCs BaM CAMHUM.



KJIACCUMYECKAS{ MEXAHHKA e Jlekuus 14

BoinyxkaeHHble KoseOaHus. buenus. 3aryxamwonue KojebaHus.
JoO6poTHOCTh. BBIHYKI€HHBIE KOJMIeOaHUS TPU HAJTUYUMN TPEHUS.
IIpyHUMN cyneprno3nLUn KoJebaHui

[Tepeiinem Tenepb K pacCMOTpPeHHIO KoJle0aHUH B CUCTeMe, Ha KOTOPYIO JeHCTByeT NepeMeHHast BO BpeMeHH
BHelHsis cusia F'(t). Takue KoseGaHKsl Ha3biBAIOT BBIHYKAEHHBIMH, B OTJIHYHE OT CBOGOXHBIX KosieGaHUH,
paccMOTpEHHBIX paHee.

YpaBHeHHe BbIHYXKJAEHHBIX KosleOaHUH UMeeT BUJL

mi + kx = F(t), (14.1)

rae F(t) ecTb BHelUHsA cujia. Y paBHEHHE IBHXKEHHsI MOXKHO MepernucarTh B BUJIE
.. F(t
&+ wle = ﬁ, (14.2)
m

r/ie Mbl CHOBA BBEJIH 4acTOTY CBOGOAHBIX KoseOaHUH w = \/k/m.

[lo maTeMaTHueCKOH TepMHHOJIOTUH, ypaBHEHUE (14.2) npejicTaBJsieT co60ii HEOTHOPOTHOE JIMHENHOE
nuddepeHInaIbHOE YpaBHEHHE C MOCTOAHHBIMYU Ko3g¢puumnentamu. Cji0Bo “HEOfHOPOAHOe” O3HAYaerT,
YTO MpaBas yacTb 3TOrO YpaBHEHHS OTJIMYHA OT HyJas. B MaTemaTrKe moKasbiBaeTcs Teopema, corjac-
HO KOTOpO# 00lllee pelleHHe HEOTHOPOMHOTO JIMHEHHOro NU(QepeHINaNbHOr0 YpaBHEHHS C MOCTOSIHHBIMU
KO3(h(PULIMEeHTaMH SIBJSETCS CyMMOH IBYX BBIpakKeHHH,

r=x9+ T1, (14.3)

rae zo — obliee pelleHHe OIHOPOAHOrO ypaBHeHHUsi (TO eCcThb ¢ MPaBOi YaCTbio PAaBHOK HYJM0), a T1 — J060€
YacTHOe pellleHHe HeOQHOPOAHOI0 ypaBHeHHs. B naHHOM ciydae xp NpeACTaBJseT coO0H pacCMOTpPEHHbIe
paHee cBOOO/IHBIE KOJIEOAHHUS.

Paccmotpum, pajee, mpeacTaBJsolMi 0COOBIE MHTepeC 4acTHBIH c/ydail, Korja BbIHYXKJalollas CHJa
SIBJISIETCS TIPOCTOH MepPHUOANYEeCKON (DyHKIMeH BpeMeHH ¢ HEKOTOPOH 4acTOTOH 7:

F(t) = fcos(yt + ). (14.4)
UYacTHBIH MHTErpas ypaBHeHHs (14.2) vem B BUIE
x1 = beos(yt + 3) (14.5)

C TeM XKe MNePpHUOAUYECKHM MHOXKHUTEJIEM. [ToncraBnsis 3TO pelleHre B YpaBHEHHE

—~2bcos(yt + B) + w?bcos(yt + B) = % cos(yt + 3), (14.6)

Mbl HAXOAUM aMIIJIMTYAYy BBIHY2KA€HHBIX KoJleOaHuH

f

b= ————. 14.7
m (w? —7?) (147

[IpubaBnsis pelleHHe OJHOPOAHOIO ypaBHEHUS, [OJIYyUHUM oOllee pelleHHe B BUJe
x = acos(wt + a) + cos(yt + 3). (14.8)

m(w? —~?%)

ITpousBosbHblE IOCTOSIHHBIE ¢ U (v ONPEAe/ISI0TCs, KaK U paHblile, U3 HauaJbHbIX YCJIOBHUH.

MEl npuxoauM K BBIBOLY, UTO JBHXKEHHE MO AEHCTBHEM INePHOAHUECKOH BBIHYXKJAMOMIEH CHJBI Mpej-
CTaBJisieT COOOH CyNeprno3ulMi0 ABYX KoJebaHUH — ¢ COOCTBEHHOH UaCcTOTOH CHUCTEMBI w WU C YaCTOTOH
BBIHY2KJaloLleH CHJIBI 7.

[TosyuenHoe Bbiie peiuenne (14.8) He MpUMeHHMO B CJydae TaK Ha3blBAEMOTO PE3OHAHCA, KOrla ua-
CTOTa BHIHYKJAOLIeH CHJ/bl COBNafaeT ¢ COOCTBEHHOH 4acTOTOM CHCTEeMBl, TO eCcTb IpU w = <. Bropoe
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ciaraemoe B hopmyse (14.8) B 3TOM cayuae obpaiiaercss B GeCKOHEUHOCTb. Mexay TeM OUYeBHAHO, UTO
3a KOHeYHOe BpeMsl ¢ cHCTeMa He MOXeT NpUoOpecTH OeCKOHEUHYIO SHepruio Mop JeHcTBHeM KOHeUHOH
cuibl. [Toatomy ¢opmanbHO KOMIEHCHPOBATb 3Ty He(U3MYeCKYl0 PacXOAMMOCTb MOXKHO 33 CUeT MepBOro
cnaraemoro. IlockosbKy ammniuTyna cBoOGOAHBIX KoeGaHUH HHKAaK HaMu He Obl1a (PUKCUpPOBaHa, BblIENHUM
U3 NIepBOro CJlaraeMoro 4JjeH, KOMIEeHCUPYIOUUH 6eCKOHeYHOCTh BO BTOPOM cJjaraeMoM Ipu w = v. Hasa
3TOr0 NPOU3BEieM 3aMeHy

f

a cos(wt + ) = a cos(wt + a) —

HeTpyznHo y6enuthbcsi, 4TO IIpU 3TOM Mbl CHOBA MosydyaeM oflllee pellleHHe OLHOPOLHOIO YpaBHEHHS.
Tenepb o0lee pellleHHe HEONHOPOLHOTO YPaBHEHHS] MOXKHO MPENCTABUTb B BHUJE

f

= t _— t — t . 14.10
x = acos(wt + a) + (=) [cos(yt + () — cos(wt + 3)] ( )

Hanee ucnoabdyem Qopmyny
cosx—cosy:2siny_xsiny+Tx. (14.11)

B pesysbrare npu w — 7y, 3ameHsis sin(w — ¥)t/2 = (w — 7)t/2, nosydaem

x = acos(wt + a) + I t sin(wt + ). (14.12)
2mw

HeTpynHo npoBepHTb, UTO BTOpOE cJjaraeMoe B 3TOH (popMmyse AeHCTBUTENbHO YIOBJIETBOPSIET ypaBHEHHUIO
IBHXeHHs1 (TO eCTh SBJISETCS YaCTHBIM HMHTErpajoM) Npu w = ~. TakuMm 06pasoM, Mbl BHAMM, 4TO B
cyyae pe30HaHCA aMILIMTyIa BBIHYXKAEHHBIX KOJeOaHWU JMHEHHO pacTeT cO BpeMeHeM. B KOHIle KOHLIOB
KoJieOaHUsl MepecTalT ObiTh MaJbIMH U BCSI TEOPHUS TepsieT CBOK NPUMEHHMOCTb.

BbisicHUM Tenepb, Kak BHIMISAAT MaJible KojeOaHusl BOIW3MU pe3oHaHca, KOrja v = w+ ¢, TIe € — MaJjas
BeJIMUMHA. [/ 3TOro npeacTaBUM ofliee pelleHUe B KOMIIJIEKCHOM BHJE

T = Aeiwt + Bei(w-l—f)t — (A+Bei£t) eiwt, (1413)
roe A u B — KOMILJIEKCHbBIE NNOCTOsIHHbIE, U3 KOTOPbIX MOXKHO BBbIAECJAUTb MOAYJIb H q)aSy:
A = ae'®, B = be'P. (14.14)

B cusy ycnioBusi € < w Mbl MOXKEM paccMaTpuBaTh BeauuuHy A -+ Be't B Kpyribix cko6Kax Kak MeJeHHO
MEeHSIIOLLYIocs (DYHKLHMIO BPEMEHH M0 CPaBHEHHIO ¢ MHOXHUTeseM e'“!. [loaToMy nBHKeHHe BOJNM3H Pe3o-
HaHCa BHIMVISIAUT KaK MaJjible KoJieGaHHusi, HO ¢ aMILIUTYAOH U (a30H, MeNJIeHHO MeHSIOUIUMHUCS BO BPEMEHH.
O603HauuB amnautyny ueped C, umMeeM

C =|A+ Be™|, (14.15)
WJIK, YUUTbIBAsl BbIpaxKe€HHUs OJIs Au B, NoJIy4uM

C = ’aem + bei(sHm’ = ‘a + beiletth—a)| (14.16)

Ortciona
C? = a® 4+ b% + 2abcos(et + § — a), (14.17)

U MBI BUAUM, 4TO aMmiauTyna C' KosneOseTcs MepHOANYECKH C MAJIOH YAaCTOTOH € MEXAy ABYMS TpefenaMu
la—bl <C <a-+b. (14.18)

10 siBJIEHME HOCUT Ha3Banue Guenwmi (puc. 14.1).

3aryxalomue KoJeOaHus

Jlo cux mop Mbl paccMaTpHBa/M HAeaJU3UPOBAHHYIO CUTyalHI0 — MOJeJb, B KOTOPOH ABHXKEeHHe TeJja
NPOUCXOAUT B IyCTOTe, MJH CUTyalUl0o, B KOTOPOH BJMSHHEM Cpelbl Ha [BHKEHHe MOXKHO INpeHeOpeub.
Ha camom nesie MOHSITHO, YTO NPU ABUXKEHUH Tesa B Cpefie MOCJ/eNHSs BCEra OKa3blBaeT CONPOTHBJIEHMUE,
CTpeMsillleecs: 3aMe/UIUTb NBHUKeHUe. [Ipu 3TOM 3Heprust NBHXKYILErocs Tesa B KOHIE KOHLIOB MEPEXOIHUT B
tenso. B Takux caydasx roBopsT, 4TO MMEET MECTO QMCCHUIIAIMS SHEPTHH.
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Puc. 14.1. buenus.

B aTux yc/0BUSIX mpolecc ABHXKEHHs yXKe He SBJ/SeTCH UHCTO MeXaHM4YeCKUM IpoleccoM. Hapsany c
JBUXKEHHEM TeJia TpeOyeTcsl yUHThIBATh JBUKEHHE U CaMOH CpPelibl, a 3HaUUT U U3MEHeHHe TellJIOBOro coCTo-
SIHUST KaK Cpelbl, TaK W Tesa. B Takol cUTyalUH yxKe HeJlb3sl YTBEpKJaTb B 00LeM cjayyae, YTO YyCKOpPEeHHe
TeJsa s1BJIseTCs JMIIb (DYHKLMeH ero KOOpAHMHAT U CKOPOCTH B JaHHBIH MOMEHT BpeMeHH. TakuM o6pasoM,
B 3TOH CHTyalUH B 00lLleM cjydyae He CyLIeCTByeT ypaBHEHHH JBHKEHHUS B TOM CMbIC/e, KAKOH OHH HMEIOT
B MeXaHMKe: NIPOM3BeJeHHe MacChl Ha YCKODeHHe PaBHO HeHcTBylollel cujae. MoxeT, HalnpuMmep, UMeTb
MeCTO peakLHs 3amnas3jblBaHUsl OTKJIHKA CPellbl Ha BO3MYILeHHe, BHOCUMOe TeloM. TakuM o6pas3oM, 3afaua
0 IBHXKeHHH Tesa B cpefe (Mu 3amaua o6 ynpyrux Aepopmaldsx Camoro Teja, Hampumep KoseGaHHs
rPy3HKa Ha MpyXKHHE), BOOOILE TOBOPS, HE SIBJISETCS 3a1adell YMCTOH MEeXaHUKH.

OnHako ecsii BH2KEHHE TeJIa B CPefie OCTATOUHO MeJJIEHHOE 110 CPABHEHHIO CO CKOPOCTBIO BHYTPEHHHUX
JUCCUNATHBHBIX IIPOLIECCOB, TO PeaKLHs cpelbl Ha JBHXKEHHe Tesa B HEKOTOPHIX CJydyasfx MOxKeT OBITb
NpUOJIHKEHHO OIMCaHa BBeJleHHeM TaK Ha3blBaeMOH CHJIbI TpPeHHUd, NeHCTBYIOLIeH Ha Teslo M 3aBHCALLeH
JULb OT CKOPOCTH NocjenHero. Takas cUTyalMsi BO3HUKaeT, HalpuMep, NPH ABHKEHHH Tesa B BS3KOH
cpefle, XKUIKOCTH MM rase. Ecau K TOMy ke 3Ta CKOPOCTb JOCTATOUHO Maja, TO MOXKHO PasjloKUTb CHJY
TpeHUd Mo ee cTemeHsiM. HyneBo#l usieH pas/ioKeHHS paBeH HYJIO, [IOCKOJbKY Ha HENOABHXKHOE TeJ0 He
JefiCTByeT HMKAaKoH cHJbl. I[109TOMY MepBEIl Heucue3aoMMil 4Y/eH NPONopHHOHANeH CKOpocTH Teaal. B
UTOre B C/ydae OJHOH CTeNeHH cBOOOAB 000O0LIeHHYI0 CHJY TPeHHs MOXKHO 3alucaTh B BHJE

fo = —api. (14.19)

3neck o, — MOJNOXKHTENbHbIH KO3(D(ULHEHT, a 3HaK MHHYC MOKa3blBaeT, YTO CHJa HalpaBJeHa MPOTHBOIO-
JIOXKHO CKOPOCTH TeJia.
Jlo6aBasig 3Ty cUMy K YIPYTOH cUsle B ypaBHEHHe ABHXKEHMS, MOJyUYUM

mi = —kx — ap. (14.20)
Pasfenum 3To ypaBHeHHe Ha m M BBeleM 0003HaueHHs

Eoy =% (14.21)
m

m

w

31ech wy eCThb UacToTa CBOOOAHBIX KOJieOaHWU CUCTEMbl B OTCYTCTBHe TpeHHUsi. BesuuuHa A\ HasbiBaeTcs
K09(p(pUIMEHTOM 3aTyXaHusd. B uTore Mbel NpUXooUM K YpaBHEHHIO

F+ 20\ 4+ wizr = 0. (14.22)

PelieHue 3TOro oMHOPONHOTO JIMHEHHOTO NU((PEPeHIHaIbHOIO YPaBHEHUS C TOCTOSIHHBIMHM K03(dULHU-
eHTaMu OyjieM MCKaThb B Bule x = e!. [logcTasisisi 9Ty (YHKUMIO B ypaBHEHHe W cOKpallast Ha e’, Haxomum
IJIsT 7 XapaKTePUCTHUYECKOEe ypaBHEHHE

2 +2X\r +wj = 0. (14.23)

Y storo KBaApaTHOro ypaBHEHUsA UMeeTCsA ABAa KODHS:

1,2 = == \/ )\2 — w%. (1424)

C yueroM 3Toro obuiee peuienue ypasHenus (14.22) MoxHO 3anucaTh B BHIe
z = cre"t + coe™?, (14.25)

rae ¢y U 2 — MNPOU3BOJIbHBIE NTOCTOAHHBIE.

19TI/I paccyxKneHusa 3aBeJOMO He NMPUMEHHMbI K ABHXKEHHIO OOHOIr'0 TBEPAOTO TeJia M0 MOBEPXHOCTH APYroro, To €CTb MPH HaJHUYHUH
TaK Ha3bIBAEMOI'0 TPEHHUHA CKOJIbXKEHUA.
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J1s1 nanbHellero aHaau3a cjaefyeT pasjduaTh ABa CJaydas.
Ecan A < wp, TO KOPHH 71,2 OKa3bIBAIOTCS KOMIJIEKCHBIMH H COMNPSI2KEHHBIMU APYT APYTY:

1,2 = == i\/wg - )\2. (1426)

Ob11ee pelleHHe B 9TOM CJaydae MOXKET ObITh MPEICTABJIEHO B BHIE

z = Re {Aexp </\t +ity/wd — )\2) } , (14.27)

rue A — NpOU3BOJIbHAA KOMIIJIEKCHAsA MOCTOAHHAs. BbI,EleJIHH M3 Hee BELleCTBEHHbIe MOAYJIb a U (pasy a,

MO>KHO 3aIliucaTb

A

z=ae Mcos(wt + ), e w=/wi— A2 (14.28)

JIBHKeHHe, omnucbiBaeMoe 3TOH (hOopMyJIoH, NMpeAcTaB/seT coO0H TaK HasbiBaeMble 3aTyXalolHe KoJje-
6anuda. Ero MOXKHO NpeicTaBUTb cebe KaK rapMoHHYecKHe KosneGaHHS C 3KCIOHEHLHaNbHO 3aTyXarolleH
amnatynoit (puc. 14.2). CkopocTb yObIBaHUSI aMILIUTYIbl ONpenessieTcsi Ko3MQHUIUEHTOM 3aTyXaHHsl .

Ny e
W
VA

—

t

=

JLH

Puc. 14.2. 3aryxatomue Konebanns, A < wo.

Uro KacaeTcsi 4acTOThl KoJieGaHUH w, TO OHA MeHbIe YAaCTOThl CBOOOAHBIX KOJeGaHUH wy B OTCYTCTBUE
Tpenus. [IpuunHa npocta — TpeHHe 0OBIYHO 3aepKUBAET JBHUKEHUE.

Ecnu TpeHue 10CTaTOYHO Majio, TO A < wo W 33 BPeMsi OfHOTO Mepuoja 27 /w aMIUIMTyda 3aTyXalo-
mrero KOJIe6aHI/IH [IOUTHU HE HU3MEHSAETCH. B 9TOM cCJayydae OJjsd 9HepI‘I/II/I CHUCTEMBbl CYLIECTBYEeT AOCTATOYHO
MpocToe BbipaxkeHue. B ofuiem ciydae sHeprusi KoseOMiolmieldcss CUCTEMBI €CTb CyMMa KHHETHUECKOH U
MOTeHLMaJIbHON SHEePTUi:

mi?  ka?

_ mam  RTT Mmoo 2. 2
E = 3 + 3 2(9: +wo:). (14.29)

BesnnuuHa z onpegnensercs BoipaxkenueM (14.28). duddepeHunpys 0o BpeMeHH, MOJYUMM CKOPOCTb
i = —awe M sin(wt + a) — Aae ' cos(wt + ). (14.30)

B cusny HepaBeHCTBa A < w BTOpOe cjaraeMoe B 3TOM BblpaXKeHHH MHOTO MeHbllle MepBOro, U UM MOXKHO
npeHebpeyb. Toraga nosyyaem A5 SHEPTHH

2 2

1
(:'E2 —+—w2x2) = gma’w e 2 (14.31)

g="
2

OTcrona ciieyeT, UTO SHEPrHsi CUCTEMBI B 3TOM MPHOJMKEHUH YObIBAET MO 3aKOHY
—2Xt
E = Ege~ 2, (14.32)

rne Ey = ma®w?/2 — HauanbHOe 3HAYEHHe SHEPTHH.

Jl1s XapaKTepUCTHKH OCLUJIMPYIOLLeH CHCTeMbl YacTo IPUMeHsIeTcs BeJIMUKHa (), HasbiBaeMasi A0OPOT-
HocTbio. OHa npezcTaBJsieT coOOH yMHOXKEHHOe Ha 27 OTHOLIEeHHMe 3aMaceHHOH B CUCTeMe SHepruM K Be-
JIMYHHE SHEPTHH, TepsieMOH 3a OIMH NepHon Kosebanu# T = 27 /w:

Q= QWL. (14.33)
>
dt
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Jsst cnabo 3aTyxarliero rapMOHUYECKOr0 OCLUIATOPA W &2 Wy U

£ T 905, (14.34)

:27: =
Q=2"ET ~ 3~ ax

Bespasmepnas BennunHa AT < 1 Ha3biBaeTcs JorapupMUUecKuM NeKpeMeHTOM 3aTyXaHMS.
PaccmoTpum Tenepw cayyad, Korma A > wg. B aTom ciyyae o6a 3HaueHHs! r BelleCTBEHHBI U OTpHIA-
TesibHBEL. OOllee pelleHHe UMEET BHJ

x = clei(Af v )\ng)t + chf()‘+ )‘ng)t. (14.35)

MBIl BHAHM, 4TO B 3TOM cJjyuae, KOTJa TPeHHe BeJMKO, BeJHUYHHA |r| MOHOTOHHO yObiBaeT A0 HYJs, He
WMCTIBITBIBas HUKAKUX KoseGanuii’. Takoll XapakTep ABHKeHHsl Ha3blBAlOT aMepPHOIMYECKMM 3aTyXaHHeM
(puc. 14.3).

Y~

Puc. 14.3. Aneproanuecky 3atyxaloliee ABHXKEHHE, A > wo.

Oco6oro paccMoTpeHUs TpeGyeT caydall A = wy. B 3ToM ciyuae xapakTepucTHUecKoe ypaBHEHHE HMeeT
Bcero onuH (nBOHOI) KOpPeHb " = —\ U, KaK MOKa3bIBAETCS B MaTeMAaTHKe, B 3TOM CJyuae ofllee pelleHne
1 depeHIUaIbHOTO YPaBHEHUsT IPUHUMAET BUI

= (c1 +cot)e M (14.36)

(mpoBepbTe 3TO MOACTAHOBKOKH). DTO €CTh 0COOBIH Ciydali anepUofMIecKoro 3aTyxaHusl. JIBUKEHHEe B 3TOM
c/lyyae ToxXe He MMeeT KoJjle0aTe/IbHOro XapakTepa.

BoiHyKIeHHbIe KoJieOaHUS NMPU HAJIUYUU TPEeHHUS

PaccMoTpuM Tenepb BbIHYXKAEHHbBIE KoJieOaHUs NMPHU HAJIWYHUH TPEHHS B caydae MEPUOIUYECKOH BBIHYXKJIa-
foule# cugbl f cosvt, roe f — aMIKTYAa BbIHYXKIAMOIIEH CUJMbL, a 7 — ee 4acToTa. Y paBHEHHEe NBHXKEHHS
UMeeT B 3TOM CJy4ae BUJ

&+ 203 + Wiz = I cost. (14.37)
m

Pelenue 3Toro ypaBHeHHst OyieM MCKaTh B KOMIJIEKCHOH (popme. JlJist 3TOro B MPaBoi 4acTh BMECTO cos i
3anuuem et;

i+ 200 + wiz = L, (14.38)
m

Orcrona BuaHO, uTo Rez ynosnersopsier ypasuenuto (14.37). [Tostomy, pemns ypasHenue (14.38) u B3siB
OT pelleHHs BEelleCTBEHHYI 4acTh, Mbl HAleM TeM caMbiM pelueHde ypaBHenus (14.37).

YacTHblit MHTerpas ypabHenusi (14.38) Gynem uckaTh B Buie x = Be''. [loacTapass 3To pelleHHe B
(14.38), noayuaem

f iyt

(#7)°Be™ + 2X(i7) Be" + wiBe' = ~e", (14.39)
m
¥ cokpauas Ha €, mosyuaeM A/ KOMILIEKCHOH aMILIUTYAbl B
f
B = . 14.40
m (w3 — 2 + 2i\y) ( )
[IpencraBuB B B BUIE

B =be”, (14.41)

2Tpu x(0) > 0 u £(0) > 0 Ha KPUBOH x(t) UMEeTCS ONMH MaKCUMYM.
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rie b 1 0 — BelleCTBEHHble MOAYJ/b U (Pa3a KOMIJIEKCHOTO uncsaa B, mojaydaem

f

b=|B| = : (14.42)
W e e
Bbipaxkenue [uist hpasbl MOXKHO MOJYYHTh, 3amucas B B BHze
22 90\ -
B L W0TT 2N i heoss 4 ibsing. (14.43)
m (W —~2)" 4 4X242
Ortcrona [ B \
m 2y
tgd=— = ——5. 14.44
& ReB 2 —-uw? ( )
OTpesisi BELIECTBEHHYIO YaCTh PElleHHsl, NIONyYnUM
Re {bee"} = Re {bei(7t+5)} =bcos (vt +9). (14.45)

[To MaTeMaTH4eCKO# TeopeMe, KOTOPYIO Mbl YIOMHHAJK B Hadyaje JIeKLHH, obliee pelieHre HeoaHOPOl-
HOTO JIMHEHHOro NH((pepeHIHaNbHOr0 ypaBHEHHs PABHO CyMMe OOILEro peleHusl OfHOPONHOTO ypaBHEHHs
(c mpaBo#l 4acTbl0 paBHOE HyJIO !) W YaCTHOrO pelIeHHs] HEeOAHOPOAHOrO ypaBHeHHs. [103ToMy HMeeM,
HanpuMep, B ciydae wo > A /s 001iero pemenus ypasHenus (14.37)

x = ae” M cos(wt + a) + beos(yt + 0). (14.46)

[lepBoe csaraemoe B 3TOM BBIPaXKEHHH IKCIOHEHLHAJBbHO YObIBAE€T CO BPEMEHEM, TaK 4TO MO HCTeYeHUH
JIOCTaTOYHO GOJIBLIOTO MPOMeXKyTKa BpeMeHH (B mpejesie t — 00) 0CTaeTcsi TOJNbKO BTOPOH dJjeH

x = beos(yt + d). (14.47)

Kak csiefyeT M3 MoJydeHHOTO HaMH BBIDaXKeHHS /s aMILIMTYbl BHYXKIeHHOro Kosebanus (14.42), ona
BO3pacTaeT MpHU MPUOJHIKEHHH 4acTOThl BBIHYXKAAWOLIEH CHUMbl Y K COOCTBEHHOH 4acToTe KoJieGaHUH wy.
OnHako 13-3a Ha/M4Wsl TPEHHUsl OHA He obpaiaeTcsi B 66CKOHEYHOCTh, KaK 3TO OblJIO B Clydae pe30HaHCa MpH
OTCYTCTBUH TpeHusi. [Ipy 3agaHHON aMIINTyIe BBIHYKIAIOLIEH CUJIBI aMIIJIMTY/Aa BHIHYKAEHHBIX KOJe0aHHH
JIOCTUTAeT CBOEr0 MaKCHMAaJbHOTO 3HaYeHHUs] MPU UacToTe

Y = \Ju — 222, (14.48)

)\2
= wy — (14.49)
wo

Ipu A < wp

TO €CTb 7, OTJIMYAETCS OT wy JHIIb HA BEJUUHHY BTOPOTO MOPSAKA MaJIOCTH.

PaccmoTpum Teneps 06/1acTh 4aCTOT BOJIM3HM Pe30HAHCA B Cjydae c1aboro TpeHus, TO eCTb MPU A K wy.
[TosnoxxuM v = wg+¢, rae € — Majas BeJuurHa. Torna B BelpaXKeHUH (14.40) mnst KOMIJIEKCHOH aAMIJIUTYAbI
B M0xHO NpUOJHKEHHO 3aMeHHUTh

wg — 72 = (W(] — ’Y)(W() + ’7) ~ —¢- 2(4]0 = —2&)05, 2)\"}/ ~ 2)\&)(). (1450)
B pesynbraTe mosayyum
f fle+iX)
B=— = — . 14.51
2mwg (e — i) 2mwg(e? + A\2) (14.51)
Orcrona \
b= / (o =2, (14.52)

 2muweVeER £ A2 €

U3 Boipaxkenus (14.51) cienyer, uto Im B < 0, To ecTb pasHOCTb ha3 § MeX1y KoJeGaHHeM U BBIHYK/a-
Iole#l cuJoil Bcerna otTpuuarebia. DTo U noHsaTHo. [Ipu Hannuuu TpeHusi KosebaHue Bcerna “3anasjibiBaer’
OTHOCHTEJIbHO BbIHYXKAatolled cuJbl. Braan ot pesonanca nmpu v < wg (¢ < 0) Besuuuna 6 — —0. A B
o6s1acTH GOMBIIMX YacToT, v > wo (¢ > 0), pasa cTpeMUTCs K 3HaUeHHIO, paBHOMY —7. B pesonance, Korna
v = wp, paza § = 7/2. Vamenenue ¢assl o1 —0 00 —7 MPOUCXOAUT B y3KOH moJsioce BOJIH3H pe3oHaHCa
WUpPUHON nopsinka A. OTMETHM 37eCh, YTO B OTCYTCTBHE TPEHHs U3MeHeHHe (pasbl BBIHYXKIEHHBIX KoJseba-
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AImB

ReB

€>0 <0

e=0

Puc. 14.4. [110cKocTh KOMIJIEKCHOH NepeMeHHOH B.

yo

Puc. 14.5. 3aBUcHMOCTb pPa3HOCTH (a3 OT YACTOTHI.

HUJ Ha BeJIMYUHY T NPOUCXOAUT CKAYKOM NPH ¥ = wy (BTOpoii used B BuipaxkeHuu (14.8) npu 3ToM MeHsieT
3HaK). Y4eT TpeHHsl pa3MasbiBaeT 3TOT CKauoK.

[Ipn ycraHoBHBIIEMCS] ABVMKEHHH, KOTIa CHCTEMa COBEpIIAET BBIHYXKJAEHHBIE KOJe0aHHs M0 3aKOHY
(14.47), ee 9HepTrHsi, OUeBUIHO, OCTaeTcsl Heu3MeHHOH. OIHAKO NpU 3TOM BHELIHSIS CHJIa HENPEPBIBHO CO-
BepliaeT pa6oTy Haj cucTeMol. HEIMY CJI0BaMM, CHCTeMa HellpephIBHO MOrJommaeT (0T HCTOYHMKA BHelIHek
CHJIbl) 3HEPTHIO, KOTOPass B KOHEUHOM cueTe AMCCHUIIMPYeTCs B TemJo G/1arofapsi HaJuuMio TPEHHS.

[Tycte I(7y) 0603HauaeT KOJMYECTBO SHEPTHH, MOIMIOLIAEMON CUCTEMOH B CpEHEM B eIHHHILy BPEMEHH,
KaK (DyHKIHIO 9acTOTHI BBIHYXKIAMOIIeH CU/bl. DTa BeJUYMHA, KAK W3BECTHO, paBHA paboTe BHEIIHEH CHJIbI
3a eMHWILy BPEMEHH, TO eCTb MOLIHOCTH (yCpelHEHHOH 3aTeM M0 BPeMEeHH):

dA dx
A= — = - —. 14.
d f(t)dz, wam 7 f) o (14.53)
Orciona, COracHoO ypaBHEHHIO 1BHUXKEHHS,
A= f(t)E = (mi 4 2\mi + mwiz)i = mid + 2 mi? + mwizi. (14.54)

IIpu ycpenHeHUM MO BpeMeHH MEPBOE W TPeTbe cjaraeMble B 3TOM BblpaXkKeHHH, OyLydd MpPOM3BEAEHUSIMU
CUHYyCa Ha KOCHHYC, OYeBMJHO, AaIOT HyJab. B pe3dysnbTaTe ocTaeTcs JHIIb BKJaL OT BTOPOrO CJlaraeMoro

A =2xmi?. (14.55)
Ioncrassisi ciona & = —bysin(yt + J) ¥ NPOU3BOAS YCPeIHEHHE 10 BPEMEHH, MOTydaeM
I(v) = A= Amb?H2. (14.56)

B6.113n pesoHaHca v ~ wo aMmauTyaa b onpenenserca popmynoi (14.52). B utore mosmyuaem

mf—2w2 =
4m2w3(e2 +A2) 0

2

AmEe (14.57)

I(e) =\

Takoil BUJ 3aBMCHMOCTH TIONVIOLIEHHSI OT YaCTOTHOEH PAaCCTPOMKH OTHOCHTEJBbHO pe3oHaHca (To ecTb pasHo-
CTH ¥ — wp) HA3bIBAIOT AMCIEPCHOHHBIM. [loyIMpHHON pesoHaHcHOH KpuBoi (cm. puc. 14.6) Ae Hasbi-
BaeTCsl 3HaueHHe |¢|, MPH KOTOPOM BesuuuHa I (£) yMeHbIIaeTCsi BABOE M0 CPABHEHHIO C €€ MaKCHMaJbHbIM
snauenueM npu € = 0. U3 gopmynsr (14.57) caenyer, uto B paccmaTtpusaemom caydae Ae = \. C gpyroi
CTOPOHEI, BBICOTA MaKCHMyMa

0= (14.58)
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A111(0)
1

Puc. 14.6. PesonaHcHasi KpuBast MOTJIOLIEHHUS.

o6partHo mponopuroHanbHa A. [JoaToMy nmpu yMeHbIIEHHH TPEHHUS A\ pe30HAHCHAs KPUBasi CTAHOBUTCS yXKe
U BbILIE, TO €CThb €€ MaKCUMyM CTaHOBUTCS Gosiee ocTpbiM. OfHAaKO MJOIIAIb TOA PE30HAHCHOH KPUBOH
OCTaeTcsl IPU ITOM HeU3MeHHOH. JleHcTBUTENbHO, 3TA MJIOLLAAL ONpEeIsSeTCs HHTErpaioM

o0 o0

/ I(7)dy = / I()de. (14.59)
0 —wo

Oyukuus I(c) umeer makcumMyM npu € = 0 u OblcTpo yObiBaeT mpu yBesauueHuu |e|. [lo 3Toét mpuunne

06J1aCTh GOJIBLIKX |¢| BHOCHUT JIMIIb HE3HAUUTENbHBIE BKJAAJ4 B MHTerpas. [103TOMy Npu HHTErpPUPOBAHUH

1st I(g) MOXKHO MCMoJb30BaTh Boipaxkenue (14.57), a HUXKHUI npenes 3aMeHuTh Ha —oo. Toraa

o AR de wf?
/m Ieyde =21 /m S=s=L (14.60)
— —
TA

Cynepno3unusi KonedGaHum

JIMHeHHOCTb ypaBHEHHH JBUXKEHMS], OTIUChIBAIOLIMX BEIHYKIeHHble FapMOHMUecKHe KoJlebanus (¢ TpeHueM u
6e3 Hero), IPUBOAMT K TOMY, UTO OKa3biBaeTCA CIIPaBelJMBbLIM TaK Ha3biBaeMbli MPUHLUM CyIepPrO3UIUH
KOJIEOAHUM.

[lycTh, HampuUMep, Ha CHUCTEMY, COBEPIIAKIIYI0 KoJebaTesbHOE ABUXKEHHE, NEHCTBYeT BHEIIHSS CHJIA,
3aBHCSIILAsi OT BPEMEHHU U MPENCTaBJSIOUIAsi COO0H CYNepno3ruH0 ABYX CHJI

f@t) = fi(t) + f2(t). (14.61)

310 MOTYT 6bITb, HanpuMep, nepuoguyeCKue mo BPEMEHH (i)yHKLLI/II/I C pa3JHUYHBIMH YaCTOTaMHU 71 H 2.
ypaBHeHI/Ie JBH2KEHHSA TOTrAa 3allMIIeTCd B BHUOE

mi + apt + kx = f1(t) + f2(t). (14.62)

CorsiacHO MPUHIUINY CYNEePIO3UIHH,

pelleHre 3TOro ypaBHeHUs eCTb CyMMa pemex—mﬁ TOr'0 K€ YpaBHEHHSA MO BO3/I€CTBHEM KaKJI0H U3 CHJI
B OTOEJIbHOCTH,

TO €CTh
(t) = z1(t) + 22(t), (14.63)
rae GyHKuuu x1(t) U 2o(t) yIOBJIETBOPSIOT YpaBHEHHSIM
mi; + apd; +kry = fi(t),  j=12 (14.64)
[TpoBepsiercs 3TO yTBepKAEHUE HEMoCPeACTBEHHOM OICTAHOBKOH. st

3TOro nepsoe u3 ypasHeHui (14.64) ckjanblBalOT CO BTOPHIM. B CH/y JIMHEHHOCTH BCEX OMepauluil B Je-
BOi uacTu ypasHeHusi (14.64), Mbl U mpUXOAMM K C(HOPMYJIHPOBAHHOMY BbILIE MPUHIHMIY CyNeprO3HIUH
KoJsiebaHuii. 3ameTum, uto paBeHcTBO (14.3) siBAsIeTCSs], OYEBHIHO, CIENACTBUEM TOrO MPUHIIKIIA.
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KJIACCUMYECKAS{ MEXAHHKA e Jlekuus 15

IlapameTpuuecknii pe3oHaHC

HeficTBue Ha KosieOaTeNbHYIO CHUCTEMY MEPUOIUUECKOH BHEIIHEH CHJIbl — He eQUHCTBEHHBIH MyThb, 4YTO-
Obl B030ynuTh B Hell KoseGaHusi. CylLleCcTBYIOT He3aMKHYTBle CHCTEMBI, B KOTOPbIX BHeELIHee BO3LEHCTBHE
CBOAMTCS K HM3MEHEHHIO CO BpeMeHeM WX napameTpoB. IIpocTeiiluinii mpumep Takoro poga — 3TO Mare-
MaTUYeCKUH MasiTHHUK, [JMHA KOTOPOro [ MepHOoAUYeCKUM 00pa3oM HU3MeHSIeTCsl 3a CueT BBITATUBAHHSA U
OMyCKaHWsi HUTH, Ha KOHIe KOTOPOH mpuBsasan rpysuk (puc. 15.1).

Puc. 15.1. MasTHHK ¢ nepeMeHHOH OJHHOH.

Jpyrum IIHPOKO M3BECTHBIM NPUMEPOM SIBJSIOTCS Kauejd, IIe 4esOBeK, NMpHcenas U BBIPSIMJSASCE,
NepHoflMuecky H3MeHsieT MOMeHT MHepluH cucTeMbl (puc. 15.2)!. B o6oux c/iyuyasix mpu onpejeseHHbIX

Puc. 15.2. Kaueju.

YCJIOBHSIX B CHCTEMe BO3HUKAIOT KoseGaHUs. DTO sIBJEHHE MOJYUU/IO Ha3BaHHe NapaMeTPUYECKOro pe3o-
HaHca.

Paccmorpum YCJIOBHUS BO3HHKHOBEHHUS napaMeTpU4ecKoro pe3oHaHca Ha
npuMepe npocrefiiedl KoseGaTesbHOH CHCTeMbl — TPy3MKa C MacCod m Ha NpyXKHHe — B CHTYyalluH,
KOrja MepHoinvYecKuM oO6pa3oM MeHsIeTCsl XKeCTKOCTb NpyxuHbl k. HecmoTps Ha To, 4To mpuaymath, Kak
3TO MOXXHO OCYILEeCTBHUTb Ha MPaKTHKe, HEMPOCTO, MOXKHO [0Ka3aTb MaTeMaTH4YeCKH, UTO K 3afaye TaKoro
poa CBOAATCS BCe 3a/auk O MapaMeTpPUueckoM Pe3oHaHCe B CHCTeMaX ¢ OHOH CTereHbio cBOGONbl (B TOM
YKCJie U NepedrcieHHble Bbille). Y paBHeHUe [BHXKEHUs 3allUIleM B BHJE

mi + k(t)z = 0. (15.1)

[TycTb 2KeCTKOCTh MPYKHUHBI MEHSIETCS 10 TPOCTOMY rapMOHUYeCKOMY 3akony k(t) = ko(1+h cos~t). Torna,
pasjesuB Ha Maccy, ypaBHEHHe JBHXKEHHS] MOXKHO MEpPernucath Tak:

#+wi(1+ hcosyt)xr =0, (15.2)

rae wo = /ko/m — HEBO3MYILEHHasl 4acToTa COOCTBEHHBIX KOJeGaHHH CHCTEMbl. BelHUMHY BO3MYILEHHS
h MBI Bynem cyuTtaTh MaJjoH, h < 1.

Bynewm pemarts 3T0 ypaBHeHHe M0 TEOPUH BO3MYILEHHUH 10 MajsoMy napamerpy h. B HyneBom npubmunxke-
HHUH, TO eCTb pu h = 0, pemenuem ypasHenus (15.2) sBasiercs, Kak U3BECTHO, QPYHKLHS ag cos(wot + ).
[TosToMy mpu MajioM, OTJHYHOM OT HYJs h MOXKHO MoJiaraTh, UTO pelleHHe OymeT ca1ab0 OTIAUYATBCS OT
HeBO3MYylLeHHOro pelleHus. [loaTomy Oynem HUCKaTb €ro B BUAE

x = ag cos(wot + a) + w1, (15.3)

'Y pasymeertcs, nooxkeHHe LEHTPa TAKECTH.
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rie xp — MaJjo U NpearnoJaraeTcsi, YT0 OHO MPOMOPLHOHANBHO MaJjJoMy napameTpy h.
[oncrasass 310 x B ypasHenue (15.2), nonyuaem ypasHeHue /s Majiodl 1006aBKH 27

I+ wga,j = —hw%ao cos vt cos(wpt + @), (15.4)

Te Mbl NpeHeOperygy 4jeHOM, MPONOPLHOHAIbHEIM MPOU3BENEHUI0 hX1, TMOCKOJbKY OH BTOPOTO MOpPsiIKa
MaJlocTH, T0 ecTb o h2. JIerko BMAeTb, YTO 3TO ypaBHeHHe OMHCHIBAET BbIHYK/EHHbIE KOJNeGaHHs OCIHJI-
JsiTOpa ¢ COOCTBEHHOH 4acTOTOH wy MOA AeHCTBHEM BBIHYXKAAIOLIEH CUJBl f, 3aBUCALLEH OT BpeMeHH. DTy
cusy (Ha eIMHMILY MAacChl) MOXKHO MPENCTABHTb B BUIE CyMMbl IBYX FapPMOHHUYECKHX COCTABJISAIOLINX:

f

—haowi cosyt cos(wot + ) =

—%haowg {cos[(y+wo)t+ a] + cos[(y —wo) t — a]} (15.5)

Torna, corJiacHo MPUHLHKITY CYNePNO3ULMH, pelienye ypasHenus (15.4) ecTb cymma peluenuii noa nefcTerem
KaX0H M3 3THX COCTABJSIOMINX B OTAEAbHOCTH. [l0/b3ysiChb pe3ysnbTaTaMu, U3J0XKEHHBIMH B TPEAb IyLIeH
JIEKLIMH, He COCTaBJ/seT TPYJAa BLINUCATb UX B SBHOM BUJE.

WHTepecHas cuTyalusi, 01HaKO, BOSHHUKAET, €CJIH OMH U3 KOCHHYCOB B BBIP2XKEHHH MJIsI CUJIBI HMeeT 4a-
CTOTY, paBHYI0 COOCTBEHHOH uacToTe KoseOaHUH cUCTeMbl wy. [TocMOTpUM, NpH KaKUX 3HAUEHUSIX 4acTOThI
7 3TO MOXKeT MPOU30UTH. B mepBoM KocHHYyce 3TO NMPOU3OUIET, ecn

v+ wo = wo, WU v =0. (15.6)

Ho sTot ciyua#t He mpencraBssieT /s Hac UHTepeca, Tak Kak 7y = (, 03HayaeT, YTO MapaMeTpbl CHCTEMbI
CO BpeMeHeM He MeHs0Tcs. Bo BTopoMm ciyuae ycioBue

v —wy=wy, HI = 2wy (15.7)

O3HauaeT, YTO eCJM 4YacToTa 7y = 2wp, TO B CHUCTEMEe BO3HMKAeT PEe30HAHC U pelleHHe 1 HEOrpaHWYeHHO
pacteT co BpeMeHeM?. MIHBIMH C/IOBaMH, B CHCTeMe NPOHCXOAHT BO30YKAeHHe KOJeGaHHi, TO ecTh HMeeT
MeCTO MapaMeTpUyecKHi pe3oHaHC. TakuM 00pasoM, ycaoBue v = 2wy SIBJSETCS YCJIOBHEM BO3HHKHOBEHHS
B CHCTeMe MapaMeTpPUUYECKOro pe3oHaHca.

Bosiee TouHblH aHa/nu3 MOKa3blBaeT, UTO packauka Ko/eOaHUHU HMeeT MecTO B LieJIOM Jualna3oHe 4acToT
A~y BOKPYT UacToThl 2wq. Tak, eciu Mbl BBelleM 0003HaueHHe

v = 2wy + ¢, (15.8)
rie € — Majas paccTpoiKa, TO MOXHO [10Ka3aTb, UTO B OTCYTCTBUE TPEHMS NapaMeTpMUecKUi pPe3oHaHC
BO3HHUKAeT B JIMaNa3oHe YacToT

———<e< —. (15.9)
B ToM cayuae, Korma B cHCTeMe MPUCYTCTBYeT 3aTyXaHHe, yPaBHEHHe I T BBINISAUT CJeLYHOLUM

o6pasom:
&+ 203 4+ wd [1 4 hcos (2wo +€) t]x = 0. (15.10)

Torga MoXkHO MoKasaThb (CM. l'IpI/IJ'IO}KeHI/Ie), 4YTO YCJIOBUE MapaMeTPpHYECKOro pe3oHaHCa NPUHHUMAET BUJ

th 2

[Ipu A = 0 370 ycaosue nepexonut B (15.9). M3 a10ro cooTHOLIEHUs cjiefyeT, YTO MPU HAJIHUUM Tpe-
HHSI PE30HAHC OKA3BIBAETCS BO3MOXHBIM He MPH CKOJNb YTOAHO Masof aMIUIUTyAe h, a JUIIb HauuHas C
ONpefieIeHHOr0 Topora

4\

wo

he (15.12)
MoxHo noKasaTb, 4TO napaMeTqueCKHﬁ pe30HaHC MMeeT MECTO TakKxKe IpHu 4acTtoTtax 7y, OJIM3KUX K

3Ha4YeHusIM BUIA 2wo/n, Tae n — Jawboe 1eoe yncao. OIHAKO MMPUHA Pe30HaHCHBIX obaacteit (o6nacTed

HeyCTOHUYMBOCTH) B OTCYTCTBME 3aTyXaHMsl C yBeJHYeHHeM 1 OBLICTPO yMeHbIuaeTcsl, Kak hA™.

2B pesyabTate 1 CTAHOBHUTCH BOBCE HE MaJlbiM, KakK Mbl IpeAroJiarand BHadadse. O,E[HaKO Hac B HACTOSILUKHA MOMEHT HHTEepecyeT
He aMIIJIMTyAa BO3HUKIINX KOJIe6aHI/I§I, a JIULb YCJIOBHA UX MMOABJICHHUS.
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ITpunoxenue
HafmeM YCJIOBHSA BOSHUKHOBEHHSA MMapaMeTPUYECKOro pe3oHaHCa B CUCTEME, OINUCBhIBAa€MOH YpaBHEeHHEM BH A
&+ 203 + w2(1 + hcosyt)x = 0. (15.13)
I/IHleM pemeHHe 3TOro ypaBHeHI/IH B BULIE
x = aelT/2t 4 grels—iv/2)t (15.14)

TIe § — HEeKOTOpOe BelleCTBEHHOe UMCJO, a ¢ — KOMILIeKCHas aMmnautyaa. Ecan s > 0, To Mbl UMeeM
9KCIIOHEeHIMa/IbHO pacTylllee BO BpeMeHH pellleHHe, YTO U 03HayaeT 1apaMeTpUUecKylo packauky Ko/eOaHuH.
[ToncraBum Temepb 3T0 x B ypaBHeHHe. Mesl B BHAY, UTO OCHOBHOH pe30HaHC BO3HHKAeT Ha 4acToTe 7y/2,
B NPOM3BEJIEHHH T COS Yt yAePKUM TOJNBKO TapPMOHMKH C 4acTOTOH v/2:3

T cosyt = [ae(s'”'y/Z)t + a*e(s_”m)t} (ei'yt + e_”t) /2=

= ge(s_”/z)t + %e(””/m + ocTasibHble TapM.. (15.15)

TpupasuuBas Tenepb B ypasHenun (15.13) koapuurents npy sxcroHentax e7*/2 u e~¥1%/2 no or-
JeJIbHOCTH, TOJyYaeM AJisi KOMILIEKCHOH aMIUIUTYbl @ CEAYIOULYI0 TUHEHHYIO CHUCTEMY yPaBHEHHH:

[(s+i;)2 +2A (s—l—z%) —|—w§} a+ hnga* =0
(15.16)

hw? 2
%a—i— {(s—zg) + 2\ (s—i%) —|—w(2)] a* =0,

Yc/0BUeM cylllecTBOBaHHMS HETPHUBHAJBHOTO pelleHHs] 3TOH CHCTEeMBbl 5IBJISIETCS] PaBEHCTBO HYJIO ee olpeje-
JUTeNS:

7\ 2 ot hwd
(s+ig) +22(s+ig) +ut >
=0.
hd 2
% (s—z%) +2/\<s—i%)+w8
PackpeiBasi onpesieUTe b, OJMydIaeM
2 2 h 2\ 2
(s—f—z%) +2) (s—H%) +u?| = <‘2"0> . (15.17)
[TocnenHee ypaBHeHHEe MOXKHO Mpeobpa3oBaTh K BULY
2 2 hw?\ 2
<32 + wi — % + 2/\5> + 7% (s+A)? = <°2”0) : (15.18)

Orcrona rpaHHIlbl Pe30HaHCa MOXKHO OTNPENE/HTh, MOJOXKHUB 8 = 0 (BHYTPH 3THX IPAHHUIL S MOJOKHUTEJBHO).

Hmeem 9 5
2 2
<w3_74> _ <h2wo> 22, (15.19)

[ToncraBasisi crona v = 2wg + €, THe € MaJio, ToJyuyaeM OKOHUATEeJbHO

th 2

4UTO U Tp€6OBaJ'IOCb JI0Ka3aTb.

3QcranbHbie rapMOHHKY UMEIOT Goslee BBICOKHIl MOPSNOK MAJOCTH Mo mapametpy h < 1.
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KJIACCUMYECKAS{ MEXAHHKA e Jlekuus 16

HeauHeiinble Koje0aHus. Pa30Bblii NOPTPET aHTAPMOHUYECKOTO
ocuuaasaTopa. Oroopaxenue Ilyankape. Ilonsitue o ppakranax.
IIpeacka3yeMoCTh XaOTMUECKOI'O ABUIKEHHUS

Ecnu amnautyna koseGaHuil He Masa, TO B PasJioXKeHWH NoTeHUuanbHOH sHepruu U(q) B psin Teiinopa
0 OTKJIOHEHHIO OT IOJIOXKEHUS] PABHOBECUSl T = ¢ — ¢p HEOOXOAMMO YUHUTBIBATb CTEI€HHU & Bblllle BTOPOH.
®dusnueckast IpUYMHA HAJIWUUS TAKUX YJIEHOB MOXET, HAalpHUMep, 3aKJII0YaThCs B 3aBUCHMOCTH NapaMeTPoB
CHCTEMBl OT BEJHUYMHBI OTKJOHEHHS] OT IMOJOXeHHs paBHoBecusi. Hampumep, mjst rpysuka Ha NpyKuHe
KECTKOCTb TPYXKHHbl k MOXKET YBEJHUMBATbCs MPU OOMbIINX CxkaTHsAX (pacTsukeHusix). B pesymbrare k

k()

B ——.

Puc. 16.1. Ilpocreiimas Monenb aHTapMOHHUYECKOTO OCHHUJISTOPA.

3aBHCHT OT CMELIEHUA T:
k= k(z) = ko(1+ ax?), (16.1)

rae o > 0 — Ko3((PUIHEHT, XapaKTePU3YIOILHUH CTeleHb YBEJHUeHHUs XKEeCTKOCTH NMPYKHUHBE PH AedopMma-
uud. Bosppalaroiias cuja CTaHOBUTCS [IPH 3TOM HeJMHEHHOU (hyHKLHeH CMelleHHs:

F = —kox (1 + owc2) ) (16.2)
Takast 3aBHCUMOCTb CHJIbI OT CMEIUEHHs] COOTBETCTBYET MOTEHIMANbHOH SHEPTUH

]f() ]{7004
= 582 7584.

5 T (16.3)

JlanHasi cuCTeMa sIB/ISIeTCSl HEJMHEWHBIM, U/ aHTAPMOHUYECKHMM OCLMIATOPOM. [Ipu OTK/IOHeHuH Te-
na (BIpaBo, BJIEBO) OT MOJIOXKEHUS! PABHOBECHs OHO HAuMHAeT COBEPLIATh CBOGOJHbBIE AHTAPMOHMYECKHE
(HecuHycouzaIbHbIe) Kose6aHusi. [JIaBHOe OTJIHYME TaKMX KOJNeGAaHUH OT rapMOHHYECKHX 3aKJI0YaeTcs B
TOM, 4TO HX MEPHOJ 3aBUCHT OT TMOJIHOH SHEPTHH CHCTeMbl E.

Ilpyrum pUMepoM aHrapMOHUYECKHMX KoJ1e6aHu i ABJISIOTCS KosieGaHust
0OBIYHOTO MAaTeMAaTHYECKOro MasTHUKA. Ero moTeHuuasbHas Heprusi Kak (GYHKUHMs yria OTKJIOHEHHs OT
TOJIOKEHHs] PABHOBECHSI (0 PABHA

U =mgl(1 — cos p). (16.4)

Ecau @ He MaJio, TO KoJie6aHHus SBJASIOTCS AHTapMOHUYECKHUMH. HI/I}KG, Ha puc. 162, 1/1306pa>KeHa 3aBHUCH-
MOCTb HOTeHLLHaﬂbHOﬁ 9HEPruu OT yrJa . Kak Mbl 3HaeM, B 3aBUCHUMOCTHU OT MOJIHOH JHEPruu ABHUKEHHE

¢

Puc. 16.2. [ToreHunanbHas sHeprus MareMaTnueckoro masitiuka U(p).

MOXKeT ObITb (PUHHUTHBIM W HHQUHUTHBIM. Tak, U3 NMpeCcTaBJeHHOrO PUCYHKAa CJeyeT, YTO eCJH MOJHas
SHeprusi cucteMbl E < 2mgl, TO yros ¢ npu KojebaHUsX H3MeHsieTcsi B MHTepBane |Ap| < 2w. Ecau xe
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nosiHasi aHeprus £ > 2mgl, To MasiTHHK NPOKPYYHBAETCS, COBEpLIAs OAMH 3a APYTUM IOJHblE 060POTHI Ha
yroJi, paBHbIH 27.
Da3oBbIi MOPTPET TAKOTO MasiTHUKA H300pakeH HUKe Ha puc. 16.3 u npexncrasJsier coboil ceMeiicTBO

¢

[
S

- T

Puc. 16.3. ®a3oBbiil mopTpeT MaTeMaTHYeCKOr0 MasiTHHKA.

J'IPIHH?I, ONHCBbIBAEMbIX yYDaBHEHHUEM

E= %ml2¢2 + mgl(1 — cos ) = const (16.5)

NPH Pa3HbIX 3HAYEHHSX KOHCTAHTHI.

DUHHUTHOMY [IBUXKEHHIO COOTBETCTBYIOT 3aMKHYTble TPAeKTOPUH, a MHOUHUTHOMY — OTKpbIThle. JIMHHS,
pasnensiomas GUHUTHOE ¥ MH(OHUHUTHOE JIBHXKEHHE U COOTBETCTBYIOILasi 3Heprun F = 2mgl, Ha3biBaeTcs
cenaparpucoi. [lpn E > 2mgl nBUKeHHe OKa3blBaeTCsl OYeHb OJM3KUM K PaBHOMEDHOMY BpPALIEHHIO C
yrI0Bo# cKopocThio w = /2E/mli?. Tlpu E <« 2mgl 310 rapmoHuueckue KosnebaHusi ¢ YIrJOBOH 4acTOTOH
w=+/g/l.

Kak Mbl yKe yrIoMUHa/H, ypaBHEHHE [BHKEHHUS, ONHChIBaOLLee CBOGOAHbIE Ko1eGaHNsl OLHOMEPHOro aH-
rapMOHHMUYECKOTO OCLHUJIISATOPA, MOXKeT ObITh POUHTErPUPOBAHO B 0OIIEM BUIE, UM, KaK TOBOPST, CBEIEHO
K KBagparypaM. 3HauHTesNbHO GoJjiee CJI0KHAs CHTyalHsl BO3HHUKAET, ONHAKO, €CJAM Ha aHTapMOHHYECKHH
OCLIMJINIITOP BO3JAEHCTBYET MepHONMUecKasi 0 BpeMeHM BHELIHsS cuja. B 3ToMm ciyuae NpOMHTErpUpoOBaTh
ypaBHeHHs ABHMXKeHHUS B 0OlleM BHJe He ylaeTcsl M BO3MOXKHO TOJbKO MX UHCJEHHOe pelleHHe. Takue Hc-
cJe10BaHUs (KOMHbEOTeprIe SKCHepI/IMEHTbI) OblJIM IPOBeIeHbl COBCeM HelaBHO, B 1978-1979 (1) ronax. Kak
3TO HYM YOUBHUTEJBHO, OHU NPHUBEJH K JOBOJBHO HEOXHJAAHHBIM pedyabTataM. IlapanokcasnbHo, HO (akT, B
HayKe, BO3pacT KOTOpoH oueHuBaercs npumepHo B 300 set, coBceM HenaBHO, Gsarogapsi UCMoOJb30BAHHUIO
KOMIIBIOTEPOB, 0Ka3a/0Ch BO3MOXKHBIM ClIe/laTh HOBBlE (DyHIaMeHTaJbHble OTKPHITHS!

[TpoaHann3upyem KaueCTBEHHO OCHOBHbBIE PE3yJIbTaThl ITHX UCCJIE0BAHNH HA NIPUMEpPe TaK HAa3bIBAEMOT0
ypaBHeHnus Jdyddunra. OHo onuchiBaeT KojeOaHUs] HETHHEHHOTO OCLHUIISATOPA C TPEHHUEM TIOf IeHCTBHEM
rapMOHHWYECKOH BHELIHEH CHUJIBL:

mi + api + kow(1 + az?) = fcosyt. (16.6)

[lpu masoif amnauTyne BbIHYXKIaWIled CHJbl f HeNMHeHHOCTbI0 KosmeGanui (uneHoM ax?) MOXKHO mpe-
HeOpeub. Torpa, kak Mbl 3HaeM, BbIHYXKJeHHble KOJle0aHHS NPOUCXOAAT O FapPMOHHUYECKOMY 3aKOHY T =
bcos(yt + &) ¢ uacToTOl BeIHYXHawIed cuabl. B gazoBom npoctpaHcTie (r,1) TpaeKTOpUsS TpPeNCTaB/seT
co60# aaJHIC.

[Ipu yBennyeHUM aMIIUTYAB cuibl f opMa KoJeGaHUH HAaUMHAET OTJIAWYATCS OT MPOCTOr0 rapMOHUYe-
CKOro 3akoHa bcos(vt + J), KoneGaHUsl CTAHOBATCS 6osiee CJIOXKHBIMH, B HUX MOSIBJASIIOTCS BCe B GOJblIeH
CTeNeHH JONOJNHUTEJbHbIE CcJaraeMble Ha KpaTHBIX dacToTax 27, 37, ... , TaK Ha3blBaeMble 00€PTOHBI
(BbiCIIME TAPMOHHKH) OCHOBHOTO KosieGaHus. B (pa3oBoM MpocTpaHCTBE TPAEKTOPUS TeMeph OTJIHYAETCS OT
IIPOCTOrO 3JUIUIICA, OJHAKO MO-NIpeXKHeMy NpeACTaBJseT co00i 3aMKHYTYIO KPHBYIO, 10 KOTOPOH ABHKeTCS
u300paXkarolasi Todka ¢ NepUoioM, paBHbIM nepuony T = 27/~ BeiHyKnawoiied cuibl (puc. 16.4). Otme-
THM ellle OJHY BaXKHYI0 XapaKTepHYI0 0COOEHHOCTb: NMPUHLMI CYNeprHo3ULHH YKe He BbINOJHSETCS, KaK B
c/aydae JIMHEHHOTO OCLMJISATOPA.

[ToMHuMO Ha/lWuMsl BBICLIMX FapMOHHK M HapyLIeHHUs MPUHLMIA CYNEPHO3HULUH, TOSBJSETCS elle OfHA
XapaKkTepHasl uepTa, CBOMCTBEHHAsl HeJMHEHHBIM CHCTeMaM, — MHOMXEeCTBEHHOCTh pemeHuH. [Ipu 3anaH-
HBIX MapaMeTpax CHCTeMbl y ypaBHeHus (16.6) B oOuiem ciydae MoxkeT ObiThb He OHO, a 1Ba W GoJjee
pemeHnid. OHH COOTBETCTBYIOT Pa3HBIM Haua/JbHBIM YCJOBHSM. B 3TOH CBSI3M OTMETHM, 4TO B JIMHEHHOH
CUCTeMe C TPeHHeM B Ipefesie ¢ — OO pellleHHe BCero OflHO M He 3aBUCHUT OT BbIOOpa HayaJbHbIX YCJOBHUH.
Huke, Ha puc. 16.5, mokasaHbl 1Be (pa3oBble TPaeKTOPHH OLHOTO M TOTO XKe YpaBHeHHsI, COOTBETCTBYIOLINE
IBYM PasHbIM HauaJbHbIM TOYKaM Ha (pa3oBoH MJOCKOCTH. M3 pUCyHKa BUAHO, 4TO KoJieOaHHs, COOTBET-
CTBYIOLIHE [IPABOMY PeLIeHHIO, IPOUCXOAAT € 00JblIell aMIUTYIOH.

Uuc/eHHble pacyeThl TMOKAa3bIBAIOT, YTO IMpPU JaJbHellleM yBeJHYEHWH aMIIUTYIAbl f BBIHYXKIAIOLIEH
CHJIBI TIPOSIBJISIETCS ellle ofHa 0cobeHHOCTh. [Ipu HeKOoTOpOM 3Ha4YeHUH f = fi; MPOHUCXOAMT TaK Ha3BIBAEMOE
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Puc. 16.4. ®asosas Tpaexropus ocuuanatopa dydduura: & + 0.05% + = + 2° = 0.9 cos 0.7¢.

CO (@

Puc. 16.5. Jlpa pemenus ypapuenus & + 0.014 +x + 2 = 1.9 cos(0.7t), cooTBeTCTBYOIIME ABYM PA3HBIM HAUaJbHBIM
TOUYKaM Ha (a30BOH MIOCKOCTH. JleBasi TPaeKTOPHsi COOTBETCTBYET OCHOBHOMY mnepuopy 1' = 27 /-, B TO BpeMsl Kak
npasasl OTBedaeT yTpoeHHOMY nepuony 371

yaBoeHue mepuoga kosebanuil, ' — 27. DTo 03HayaeT, UTO CPeIHd YacTOT Ha KOTOPHIX MPOHUCXOAHUT
KoJsieb6aHue, MosiJsieTcsi yactora /2. TpaekTopust B (ha30BOM MpPOCTPAHCTBE KAaueCTBEHHO MeHseTCsl — ee
navHa ynpausaercs (puc. 16.6).

2000

Puc. 16.6. Yisoenue nepuona B ypasaenuu Jdyddunra: & + 0.01¢ + = + 2® = fcos(0.7t): a) f = 9.2, 6) f = 9.28,
f1=9.24.

[TpuunHON BO3HMKHOBEHUS KoJleOaHHH C yIBOEHHBIM I€PHOLOM SIBJISIETCS MapaMeTpUYecKHH pe3oHaHC.
Cornacno popmyJe (16.1), npu Kose6aHUAX MPOUCXONMT MEPHOAHYECKOE M3MEHEHHEe YKeCTKOCTH MPYXKHHbI
k. [Mepuon xonebaHuil KeCTKOCTH MpU GOMBIIOH aMIiuTyne f coBmajgaer ¢ nepuogoM T = 27/ OCHOBHBIX
KosebGaHHUH ocuuasiTopa. Bee nanbHelllee BnojiHe aHAJOTHUHO TOMY, YTO MPOUCXOAUT MPU packayke Kaue-
Jied, KOrla CTOSIME Ha Kadesisix 4desioBek nepuonndeckd (¢ mepuomom T') mpucenaeT U BBIMPSIMJISETCS,
NPOUCXOIUT TaK Ha3blBaeMoe NapaMeTpHueckoe Bo30OyKIeHHe KoseOaHUH, TO ecTb BO30OyXKaeHHe, 00yCJ/10B-
JIEHHOE TePHOANYEeCKHM H3MEHEeHHEeM MapaMeTpoB ocuu/isTopa. [lepron Takux KoJeGaHHUH POBHO B /Ba
pasa GoJsblile nepuona packadku, To ectb 1 = 27'. [lpuuem npu HaJIWYUM B CHUCTEME TPeHHUsI BO3OYXKIEHHE
KoseGaHWH MPOUCXOAUT TPH HEKOTOPOH KOHEUHOH aMIIUTYAE PacKauyKH.

Takum o6pasom, yaBoeHHe NepHOJa aHMAPMOHHUECKUX KoJle0aHHH CBS3aHO C NapaMeTpHuecKHuM Bo30y-
JKIEeHHEM OCLHJ/JISATOpa BCaeACTBHe 3aBUcHMOCTH k(z). Caenys 3ToH Hlee, HETPYAHO MPEANONOXKHTD, UTO
BO3HUKIINE KoJe6aHHs C YIABOEHHBIM MepPHOIOM, MOLYJNHPYS »KECTKOCTb, NPUBEAYT IPH HEKOTOPOM 3Haue-
HUM aMIUIMTYAbl fo K BOBHUKHOBEHHIO HOBBIX KojleGaHui ¢ mnepuonoMm 2 - 27 = 4T. Takum o6pasom, npu
yBEeJHUEHUH aMIJIMTYbl BHIHYKJAOIIEH CHJIbI IPOUCXOAUT LieJiasi HelodkKa yaBoeHuil nepuopa: 27, 47T,

, @ TAK>Ke BO3HHKAIOT BCEBO3MOXKHbIE 00€PTOHBI 3THX KoJeOaHUH.

BaxHblM oTKpeITHEM 70-X rofoB SIBUJOCH TO, UTO POCT UHCJAA CyOrapMOHHK C POCTOM aMILIUTYAb f
MPOUCXOIUT Yepe3BbluaiiHo OeicTpo. [locsenoBarenbHocTs oudypkaumu fi, fo, ... f, UMeeT, KaK BbISICHHU-
JIOCh, KOHEUHBIH Tipenen foo. I pyruMHU c/IOBaMH, CHEKTP HacTOT BBIHYXKAEHHBIX KosebaHui npu f > foo
M3 JHUCKPETHOTO CTAHOBUTCSI CIIOLIHBIM. 3aBUCHMOCTb KOOPAWHATH x(t) OT BPEMEHH B YCJOBHSIX, KOTAA B
CIIEKTPe MPHUCYTCTBYIOT BCE YACTOTbl, CTAHOBUTCS OYeHb HEPETYJsPHOH, XaOTUYECKOU.

TpaekTopus n3obparkaolledl TOYKH MepecTaeT ObITh 3aMKHYTOH U NMpHoOpeTaeT o4eHb CJOXKHBIH, 3amy-
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TaHHbIE XapakTep, MJOTHO 3alOJIHsAS LieJble 06/1acTH Ha (ha3oBoll miockocTH (puc. 16.7). Takas kapTvHa

Puc. 16.7. Xaoruueckas Qasosasi Tpaektopusi npu f > foo u ee ceuenue Ilyankape B ypaBHenuu Iyddunra & +
0.01% + = + 2® = 14 cos(0.7¢).

y2Ke He §IBJSeTCS HAIVIANHOH, W 11 BBISICHEHHS BHYTPEHHHUX 3aKOHOMEPHOCTEH BO3HHKIIEro XaoTHYeCKo-
ro JIBUXKEHHUSI HCIMOJIb3yeTcsl caefyiomuil npueM. Ha ¢a3oBoil MI0OCKOCTH OTMEUaloT TOUKH, OTBeUalolHe
He BCeM 3HAueHHsM ¢, a TOJBKO TeM, KOTOpble, HalpuUMep, COOTBETCTBYIOT (Da3e BBIHYKIAIOLIEH CHJIbI
vtp, = 2mn (n = 1,2,3,...). [lonyuyawwmascs IIPY 3TOM CHUCTEMa TOUYEK Ha IIJIOCKOCTH (z, ) HaspBaeTCs
ceuenueM (n1u oro6paxenuem) Ilyankape. OHo 3ak/0uaeT B cebe BaXKHYI MH(MOPMALMIO O NOBENEHHH
ynxuuu x(t).

OkxasblBaeTcs, UTO TOYKH, NpelcTaBasiomive coboil ceuenue Ilyankape, o6pasyloT 6ecKOHeUyHble, CTPO-
ro yIopsifIoYeHHbIE MHOXECTBA TOUYEK, KOHUEHTPHUPYIOUIMXCH BAOJAb HEKOTOphIX auHui (puc. 16.7). Onu
KakK OBl BJIOXKEHBI OIHO B Apyroe. Hampumep, ecau yBean4uTb Masyio yacTb oTobpakenus IlyaHkape, To
MOXKHO OOHapyKHUTb 60Jiee TOHKYIO CTPYKTYpY M Tak A0 GeckoHeuHocTH. CXeMaTHUeCKH 3TO T0KA3aHO Ha
puc. 16.8. [To MaTeMaTH4eCKOH TePMHUHOJOIHH, TaKas CTPYKTypa Has3blBaeTCsi KAHTOPOBBIM MHOMKECTBOM

Puc. 16.8. ®paxranpnas crpykrypa ceuenus [lyankape.

WM hpaKTansoMm.

Yro6bl Jydllle MOHSITh, YTO TaKOe KaHTOPOBO MHOXKECTBO NPHBENEM OAMH NpuMep. Bo3bMeMm oTpe3ok
IJHHBL 1 W, pa3fe/uB ero Ha TPU paBHble YACTH, UCKJIOUMUM CpPe[HIO YyacTb. C OCTaBLIMMUCS ABYMS OTpe3-
KaMM TIPOJieNlaeM Ty JKe MpoLeaypy H Tak 10 6eckoHedHocTH (puc. 16.9). CymmapHas A1MHA NOIYYHBIIMXCS

1 1 ]

I ] N=1
1 1
| /3 | | /3 | N=2
1/9 1/9 1/9 1/9
e B l - - ~N=4
00

Puc. 16.9. Ilpumep KaHTOpOBa MHOXKeCTBaA.

B [IpeJlesie OTPE3KOB paBHA HYJIO, TaK KaK Mbl UCKJIOYHUJH B pe3y/bTaTe BBILIEONHCAHHON MPOLENYpPbl AJIHHY,
paBHyo 1:
2 4 1 2 4 1 1
-+ —+.=-(1l+-4+-4. ) =c—F =1 16.7
to Tt T 3(+3+9+ ) 3,2 (16.7)
3

CurienoBate/IbHO, BO3HHKIIEE MHOXKECTBO NpeNCcTaBJseT co00i GeCKOHEUHOe UMC/I0 M30JUPOBAHHBIX TOUeK.
DTO U eCTb NPHMep KAHTOPOBA MHOXKECTBA.
OTMmetuM fBa HaubGoJ/Iee BaXKHBIX CBOHCTBA KAHTOPOBBIX MHOMKECTB.

1
3

I,HJ'[H Nepruoanu4veCKoro NBUKEHHUS CeyeHHe HyaHKape COCTOMT BCEro U3 OJHOH TOYKH, MAJIs ABHKEHHS C YABOEHHBIM NEPpHUOAOM —
U3 OBYX, U T.H.
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— Jlio6as masas 4acTh KAHTOPOBA MHOXKeCTBa 1104006Ha CAMOMY MHOXECTBY: yBEJIMYMB MacluTabd B HEKO-
TOpOE YHUCJIO Pa3, MBI TIOJYYUM KaHTOPOBO MHOXKECTBO C TEMH Ke CBOHCTBaMH. DTO CBOHCTBO Ha3bl-
BAlOT MacWTaGHOM WHBAPUAHTHOCTBIO (H/M camMomoxo6uem).

— KanrtopoBo MHOXKecTBO siBsisieTcsl (ppaKTadOM U UMEET APOOHYIO NPOCTPAHCTBEHHYIO Pa3MEPHOCTE.

B paccMOTpeHHOM TOJIBKO YTO NPHMepe MHOXKeCTBa OMYIUEHHHIX CPeJHUX TpeTedl pasMepHOCThb djy 3aKJIO-
yeHa Mexnay HyJeM (Habop OTHEeNbHBIX TO4YeK) W envHHUIel (0TPE30K MPAMON MM KPUBOH):

0<df <1 (16.8)

BosHuKaeT UHTepecHbIH Bompoc. A KakK ONMpelesqUTb 3Ty MPOCTPAHCTBEHHYIO pasMepHOCTb? [locTynum
IJIS1 3TOTO CJeqylomuM oOpa3oM. Boibepem HeKOTOpPBIH MaJjblfl MPOCTPAHCTBEHHBIH MacliTab € U HailueMm
MUHHMaJ/bHOE uicao N (€) OTPe3KOB AJINHbI €, KOTOPOe MOKPBIBAeT BCe MHOXKeCTBO. Toraa, mo onpenesneHuio,
pa3MepHOCTb KAHTOPOBA MHOXKECTBA, WJIH, KaK ellle [OBOPST, (ppaKTajJbHasi Pa3MEPHOCTb, PaBHA

In N
d; = tim BVE) (16.9)
e—0 1
In —
5
JleficTBUTEIBHO, €C/iH 3TY (POPMYJIy MPUMEHUTH K OTpe3Ky Aauubl L, To N(¢) = L/c u
. In(L/e)
dy = lim ——= =1. 16.1
1= 2 (1 /e) (16.10)
Ilns MHOoXkecTBa N H301MpoBaHHbBIX Touek N(e) = N, u nostomy
In N
dy = lim ——— = 0. (16.11)

e—0 111(1/5)

B Hauiem mpumepe 1151 onpenesieHdst (hpaKTaJbHOM pasMepHOCTH BhibepeM € = 1/3™ (¢ n — oo BrO-
caepcteuu). Toraa, Kak caeayer us puc. 16.9, N(g) = 2™, nostomy
In 2™ In2

-~ x0. i 16.12
Jim s = 0.6309 (16.12)

df =

Pasymeercsi, 1j19 pa3aMepHOCTH KaHTOPOBAa MHOXKECTBA, BO3HUKAIOIIErO MPHU XAaOTHYECKUX KOJeOaHUSX,
He CyllecTBYeT Takod npocToit (opmysbl. OnHako ee Jierko ONpPefeUTb UHCJIEHHO C MOMOLLbIO OMNHUCAaH-
HOil Bhllle Tpouenypbl. OKasbiBaeTcsl, UTO €C/M pedb UIeT 0 (Pa30BOH TPaeKTOPHH, TO €€ (pakTajbHast
pasMepHOCTb Bcerna 3akJwoyeHa Mexnuy | u 2:

l<dy <2 (16.13)

DTO 03HaUaEeT, UTO reOMETpPUUECKas CTPYKTypa KryTa TPaeKTOpPHU Ha (pa3oBOil MJOCKOCTH TaKOBa, YTO
OHa 3aHMMaeT MPOMEXKYTOUHOE MOJIOXKEHHe MeXKIy OAHOMEPHBIMH (TO €CTb JIMHEHHBIMH) W JBYMEPHBIMH
(nsockuMu) ob6bekTaMu. J[PyrHMH CJIOBAMH, JKIYT TPAEKTOPHUH OKA3bIBAETCS CJAMIIKOM TMOPHCTHIM, Y4TOOBI
MOXKHO OBIJIO XapaKTepH30BaTb €ro IMJIOMIA/bl0, ¥ CJHUIIKOM MJOTHBIM M 3aMyTaHHBIM, YTOObl €ro MOXKHO
6blI0 XapakTepr3oBaTh AJUHOH. [lo mpuuyuHaM, KOTOpble OyIyT MpPHUBENEHbl HHXKE, TAKOH KTYyT HMeeT
CreLHa/bHOe Ha3BaHHE CTPAHHOIO aTTpakKTopa. PazMepHOCTb CTPaHHOrO aTTPaKTOpa yBEJIUUHBAETCS MPU
yBeJMYeHHH aMIIUTYAbl BHeLUHeH CHJIbl U YMeHbIIAaeTcsl C POCTOM TPEHUs B KoJeOaTesJbHOH CHCTEMe,
KOTOpPO€ TOfaBJsieT XaOTUYHOCTb JABHXKEHHS.

IIpencka3syeMoCTh XaOTUUECKOTO IBHIKEHUS

UepesBbluallHO CJI0XKHAsI U 3alyTaHHas (a3oBasi TPaeKTOPUS YaCTHIbI MPUBOAUT K TOMY, UTO MpeacKasaTb
ee IOBeleHHe Ha N0CTaTOYHO OOJIbIIMX HHTEepBajax BpPEMEHH CTAHOBHUTCS MPaKTHYECKH HEBO3MOXKHbBIM.
TeopeTHuecKH 3HaHWe MapaMeTPOB OCLUMJJISATOPA M HauyaJbHBIX yCJAOBHE (KOOPIHHATH M CKOPOCTH) OM-
HO3HA4HO onpefenser QyHKUHO z(t). To ecTb, KaK roBOPSIT, TPOLECC SIBJASETCS AeTepPMUHUPOBAHHBIM.
C npyroii cTopoHsl, HeGoJbIIAs HETOYHOCTb, HAPHMEp B HaudaslbHBIX YCJIOBHSIX, OBICTPO HaKal/HBaeTcs,
Tak 4TO [0 MPOLIECTBHH HEKOTOPOrOo BPeMEHU HeOlpeles]eHHOCTb B MOJOKEHUH 4acTHLBl OYAeT Mopsiaka
pasmepoB o6JacTH ABHXKeHHs. Takas CBePXUYBCTBUTEJbHOCTb K Haya/bHbIM YCJOBUSIM HallOMHHAeT 3KC-
NepuMeHT C MajileHHeM wapuka Ha octpue Oputebl (puc. 16.10). B 3aBUCHMMOCTH OT CBOEro HayasbHOrO
NOJIOXKEHUS LIapUK, YAApUBLIUCL 00 OCTpHe, OTCKaKMBaeT JHOO BIpaBo, Jau60 BJeBO. JpyruMu cjoBami,
3TO 03HauaeT, YTO JBUKEHHUe §IBJISeTCS] HEYCTOMYHMBBIM.
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Puc. 16.10. [TageHue mapruka Ha ocTpre GPHUTBHL.

OnHo# U3 caMbIX HeYCTOHUMBBIX AMHAMHMYECKHX CHCTeM sBJsieTcs AByMepHbIi ra3 Jlopenma. Ora
Moziesb Oblna mpengsoxkeHa I A. JlopeHleMm B Havyasle Hallero BeKa [IJIsl OMHMCAHHUS 3J1€KTPOINPOBOLHOCTH
MeTan10B. OHa COCTOHUT M3 KPYKKOB OJMHAKOBOTO pajMyca — paccerBaTelied, caydalHbIM 00pa3oM pas-
OPOCAHHBIX M0 MJIOCKOCTH, H MATePUANbHONA TOUKHM (JAaCTHIIBI), KOTOPAS BUKETCS C MOCTOSHHONR CKOPOCTHIO
MeX]y HMMH, UCIBITbIBasd KaxAblH pa3 3epKajbHOe OTpakeHHe IIPH CTOJKHOBeHHHU. B HeycToluMBOCTH Ta-
KOH CHCTeMbl MOXXHO yOeIUTbCsl, pacCMOTpeB JBe OJIM3KHe TPaeKTODHH YacTHLbl, BbIXOASLIHE U3 ONHOH
toukd. M3 puc. 16.11 BuAHO, 4TO yXKe rocse ABYX aKTOB pacCesiHHUS yroJ MexXJAy TPaeKTOPHUSIMH, MepBo-
HauaJbHO MeHbIIMH 1°, craHoBUTCS GosbiuiuM /2. Takum o6pasom, nepBoHaYaNbHO GIH3KHE TPaeKTOPHUH
O4eHb OBICTPO PacXoAsiTCs.

Puc. 16.11. “TloTeps namsitTi” WU PacXOAUMOCTb OJNM3KHX TPAEKTOPHUH B pe3y/bTaTe HEYCTOHYMBOCTH NBHIKEHHS B
nByMepHOM rase JlopeHua.

[TockosbKy MOBOJIBHO TPYOHO BOOOPasuTh cebe NBUKEHWE, MPOUCXOAsIlee B OTPaHUYEHHOH 00JacTH
NPOCTPAHCTBA W BCIOAY HEYCTOMYMBOE, OHO W OBbLIO HAa3BaHO CTPAHHBIM. YacTuua, ABHUTasicb MOAOOGHBEIM
o6pasoM, OblcTpo “3a0blBaeT” CBOe INPOLLIOe, U MpelcKasaTb, [Ne OHA OyoeT CHYCTS HEKOTOPOE BpeMs,
CTaHOBUTCS MPAKTHYECKH HEBO3MOXKHBIM.

B Tako#l cMTyauuu eqMHCTBEHHO Pa3yMHBIM INPECTABJSETCS JIMIIb MOCTAHOBKA BOMPOCA O BBIUMCJEHHH
BEPOSATHOCTH HaxXOXJAEHHS TOUKH B TOM WJM MHOM MecTe (pa30BOro MpocTpaHcTBa. B pesynbrate Mbl mpu-
XOIUM K BBIBOLY O HEOOXONUMOCTH CTATHMCTUYECKOIO IOAX0dA K ONUCAHHUIO BIOJHE NeTePMHHHPOBAHHOTO
npouecca. Takast HeoOXOAUMOCTb He SIBJISIETCS Pe3yJbTaTOM Hallero He3HaHUS IBHXKEHHS WJH HeCOBepLUeH-
CTBa BBIYHUCJ/IUTEJBHOrO amnlapara, a oOTpaxkaeT IMy0oKHe BHYTPEHHHE CBOHCTBA CaMOr0 JBHKEHHS.

Iloxoxkas KapTvHa BO3HMKAeT NPH H3yueHHH JBHXKEHHS UacTHILl B paccedMBamomeM Gummmmapue’. B
c/ydae BBIYKJOH CTEHKH Majioe HadaJbHOE PACCTOSIHHE MeXAY NBYMs OJU3KMMH TPaeKTOPHUSMHU INPH OT-
CKOKe BO3pacTaeT. JTO BO3PaCTaHHE MPOUCXOAUT TPH KaxKIOM CTOJKHOBEHHH CO CTEHKOH, NMOITOMY IBe
TPAaEKTOPHH, MOHAYyasly oyeHb O/H3KHe, OYKBAJbHO Uepe3 HECKOJbKO OTCKOKOB CTAaHYT JajeKUMH. Takum
00pa3oM, U 3/leCb MaJjias HeTOYHOCTh B HauaJbHbIX JAaHHBIX OBICTPO HakamauBaeTcs. [loaTomy uepe3 Heko-
TOpPOe BpeMsl BHKEHHe YacTHIbl B OUJIHAp/e CTAHOBUTCS MPAKTHUECKH HeMpeacKa3yeMbIM.

2Tax Ha3bIBaeTCHd 6I/IJ]JII/IapD, C BBIITYKJIBIMHA CT€HKaMH.
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Puc. 16.12. “Henpenckasyemoe” ABHXKEHHe YaCTHLbl B pacceHBalolleM OUJIHapIe.
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